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MODULE 1. Systems concept 

LESSON 1. Systems Concept: Operations Management 

Systems concept - introduction - operations management - resources, material and equipment, human 
resources, capital - systems concept - types of systems - components of systems - systems design  - 
systems control - transformation and value-added activities. 

1. INTRODUCTION 

‗Happiness is different things to different people‘ similarly ‗systems mean different things to different 
people‘ and some relate systems to science. All living things in the earth are related to ‗system of 
nature‘. The term system denotes plan, method, order and arrangement. 

System is an assembly or combination of things or parts forming a complex or unitary as a whole. For 
eg. 1. In the world around as there are mountain system, river system, solar system etc. 2. Human body 
is a complex organism as a system comprises of many systems like skeletal system, circulatory system, 
nervous system, etc. 

As systems comprises of systems with in that & subsystems there are systems, systems of systems & 
systems of universe is a system of heavenly bodies which includes many systems of stars called 
galaxies. Within such galaxy in the solar system one of the many planetary systems. 

If organizational units are designed and operated as a system, each segment or subsystem can be 
viewed as a self contained unit and its relationship or contribution to the next level can be programmed 
and measured. 

2. OPERATION MANAGEMENT 

Operations management is defined as that activity whereby resources, flowing within a defined 
system, are combined and transformed in a controlled manner to add value in accordance with policies 
communicated by management. 

Whereas the term "production," in a narrow sense, is often associated with a quantity of goods, or with 
an assembly or perhaps a chemical process, "production management" has always been concerned with 
the productivity of the transformation process. In a very real sense the above definition of operations 
management also encompasses production management. We shall recognize this understanding, using 
the word "production" to connote the vital concepts of transformation and value added. But we shall 
not necessarily restrict transformations to physical processes, nor assume that value added represents 
only material values that can be expressed in monetary terms (as opposed to human and immaterial 
values). 

The production activity is dynamic and takes place in an uncertain economic and social environment 
that changes over time. Management has the task of acting upon and reacting to the environment by 
making decisions which direct productive efforts toward the achievement of organizational objectives, 
Key elements in the definition of operations management are the concepts of (1) resources, (2) systems, 
(3) transformation and value-adding activities, and (4) managerial policy. 
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2.1. Resources 

An organization's resources are the material and nonmaterial assets available to achieve desired 
objectives. Resource inputs to the production system may be conveniently classified into material and 
equipment, human, and capital resources. 

2.2. Material and Equipment 

These are the physical facilities and equipment such as plant, inventories, and supplies. Included are 
operating and control equipment like computers and the physical energies (for example, electrical, 
mechanical) used in operations. In an accounting sense, the material and equipment usually constitute 
the major assets of an organization. 

2.3. Human Resources 

The human input is both physical and intellectual. Early production efforts relied heavily upon human 
physical labour, but as production technology and methodology advanced, a higher proportion of the 
human input became devoted to planning, organizing, and controlling efforts. By using the intellectual 
capabilities of people, labor inputs are magnified many times, resulting in increased productivity as 
well as a much closer worker-machine interface. This closer integration of human and physical systems 
has in turn presented new challenges in job design to achieve worker satisfaction. 

The labour resource, although it is often the key asset of an organization, is typically not accounted for 
in the balance sheet of the organization. It is the human resource, in the form of managerial talent, 
engineering skill, employee cooperation, etc. that has provided the primary impetus for the growth and 
development of the large-scale organizations that flourish today. 

People bring human values into an organization, and some of these values are essentially 
institutionalized into the resulting organizational society. They become traditions, standards, and 
ethical guidelines, both for internal operations and for dealing with "the public." These values often 
play a strong but difficult to define role in the organizational decision process. 

 2.4. Capital 

Funds are essential to establish and regulate the amount of material and human inputs. In an aggregate 
sense they help to determine the level of technology and the tradeoff between the use of labour versus 
equipment. As more capital is allocated to a given phase of a production process, the level of 
technology typically rises and through automation, equipment replaces human labour. 

In free enterprise organizations, capital becomes available in the form of equity (stock) or debt (bonds) 
funds and is replenished through profits. In nonprofit organizations, taxes or contributions are a 
continuing source of funds to finance operations deemed to be in the group or public interest. 
However, whether an organization is profit- or nonprofit-oriented, efficient and effective use of 
resources rests heavily upon fundamental principles of operations management. 

3. SYSTEM CONCEPT 

A system is an arrangement of components designed to achieve a particular objective (or objectives) 
according to plan. The components may be either physical or conceptual or both, but they all share a 
unique relationship with each other and with the overall objective of the system. A health care delivery 
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system, for example, has doctors and physical facilities plus conceptual operating policies which 
combine to ultimately provide patients with a specified level of medical care. 

Our cultural environment includes a multitude of economic and social systems, many of which are 
interrelated and function simultaneously for the benefit of society as a whole. For example, we have a 
national monetary system which facilitates the exchange of goods and a transportation network which 
can move these goods quickly and efficiently to any part of the country. 

The individual business and government organizations are essentially subsystems of larger social 
systems. They, in turn, are typically composed of their own subsystems, which theoretically function 
for the good of their individual organizations. The production, marketing, and finance functions are 
traditional subsystems of the formal organization of a firm. However, many firms are now 
reorganizing their formal structure to better account for the interdependency of such subsystems. As a 
result, business systems are emerging which are based more upon information flows and decision 
responsibilities than upon strict functional lines. 

A systems approach to operations management problems places strong emphasis upon the integrative 
nature of management responsibilities, recognizing both the interdependence and the hierarchical 
nature of subsystems.   In essence, systems theory stresses the understanding and relationships of the 
whole system, recognizing that a combined effect of components can be greater than the sum total of 
individual effects, that is, can be synergistic. Problems must first be abstracted from the overall (macro) 
environment, then they can be broken down into parts (micro), analyzed, and solutions proposed. But 
ultimately the components must again be restructured or synthesized (macro) to discover and evaluate 
the impact of new interrelationships that arise from proposed changes in the system. 

The ability of any system to achieve its objectives depends upon fl) the design of the system and (2) the 
control exercised by the system. 

4. TYPES OF SYSTEMS 

System is classified in various ways. 

4.1. According to the Creation 

Natural system: Existing naturally- solar system, river system etc. 

Man-made system: Transportation system, lighting system. Man-made system is designed and 
operated by man. The man utilizes the inputs taken from the natural systems. 

4.2. According to the Flexibility 

Flexible system: The system which is adjusting to maintain the balance or equilibrium between the 
system and is changing environment. Example: most of the life forms, economic, political and social 
systems. 

Rigid system: which cannot be modified or will not adjust for modification. Example: highway. Even 
the man tries to build some flexibility into every system designed or constructed. Example: Building. 
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4.3. Based on Human Involvement 

Manual system:  A production system completely man operated one. Example: Coir thread making. 

Automatic machine system: completely automated. 

To have equilibrium, man-machine relationships exist for production. 

4.4. Based on System Output: 

System that produces: a production system 

System that serves clients/ customers: hospital, restaurant, etc. 

5. COMPONENTS OF SYSTEM 

If  units are designed and operated as a system, each segment or subsystem can be viewed as a self 
contained unit & its relationships or contribution to the next level can be performed and measured. 
Inputs, transformation process and output are the components of any system. Input and output are 
mere significant than the actual transformation process. ‗Black box‘ approach is used to demonstrate 
the relationship let computes and systems. A component is a basic unit or black box which performs or 
provides the facility for performing some part of the transformation process.  A teacher – component in 
education or university system, may be taken for medical illustration as a system with several sub 
systems. The definition of what is a system, subsystem, components occurs when the objectives of 
those systems are determined. 

6. SYSTEM DESIGN 

Most managers realize that the independent optimization of individual subsystems, such as marketing 
or production functions, does not necessarily result in optimization of the objectives of the total system. 
Production may favour a steady manufacturing rate and low inventories while marketing is anxious to 
meet highly seasonal demands. If any form of total system optimization is to be achieved, the 
subsystem objectives must be integrated and coordinated in light of overall system goals. It makes 
sense to start with a clearly delineated set of overall system objectives and to develop a hierarchy of 
subsystem goals which, when consistently pursued, will most effectively facilitate the overall 
objectives. 
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 Fig. 1. Components of a system 

A design is simply a predetermined arrangement of components or operating parameters, such as the 
set of drawings for a plant expansion or the plans and procedures for enforcing statewide air pollution 
controls.   The systems design process thus involves identifying and bounding the relevant parameters 
so as to isolate them from numerous irrelevant variables. Following this, many considerations enter 
into the analysis and design (or redesign) stage of a systems design, such as the economics of use of 
available resources, level of technology to be used, safety and reliability of the system itself, and impact 
of the system upon the environment outside the organization. 

One of the most vital inputs to systems design comes from the consumers or users. They embody the 
service objectives of the organization and are also the ultimate source of funds for the operations. Since 
the system functions to serve the consumers, their quantity and cost requirements, as well as quality 
and other technological desires, should be incorporated into the production systems design. Business 
history has vividly proved that orientation to the consumers is a key element in an organization's 
success. This holds true for public and nonprofit organizations as well as profit-making firms. 

The more structured the design is, the less planning and decision making will be involved in the 
operation of the system. Similarly, a highly structured design, although suitable for high-volume 
production of standardized products, is inherently less adaptable to meeting competitive pressures of 
broader product lines in smaller volumes upon shorter notice from the customer. An increasingly 
important consideration in modern systems design arises from the need for flexibility and adaptability, 
of the system to meet new and unexpected demands. Fortunately, both physical equipment and human 
components can be geared to accept change, especially if the system has been designed with this 
inevitability in mind. 

Production systems are often categorized as continuous or intermittent, although many systems are a 
combination of the two. In continuous designs, the physical flow of products is continuous and 
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production is usually in high volumes accomplished through  line-type operations. Plant layout is 
arranged to accommodate the product, such as paper, and specialized equipment is used. In 
intermittent designs, the physical flow of products is intermittent and production is on a batch or job-
order basis. Layout is arranged according to process, and general-purpose equipment is used. 

Fig.2 shows a simplified theoretical model of a production system design. Note that the essential 
elements are inputs, transformation activities, and outputs. 

 

 Fig.2. A simple production system 

7. SYSTEMS CONTROL 

Systems control consists of all actions necessary to ensure that activities conform to preconceived plans 
or goals. Control involves measurement, feedback, comparison with standards, and corrective action. 

Fig.3 adds a control mechanism to the production system shown in Fig.2. The measurement function 
must be accomplished by some appropriately accurate sensory device. Data are then fed back for 
comparison and correction, with the feedback activity depending heavily upon the physical or 
organizational communication network. An effective information system having appropriate response 
times is essential to the operation of an effective control system. Standards for comparison are based 
upon historical or engineered criteria and may be in the form of physical measurements, control limits, 
cost variances, etc. Finally, corrective action implies both an authority to change the system and the 
ability to implement those changes. 

 

 Fig. 3.  System with feedback 

The system described in Fig.3 is a closed-loop arrangement because it can automatically function on the 
basis of data from within its own system to ensure that the outputs will continuously meet control 
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standards. Open-loop control systems do not have sufficient internal feedback with automatic control 
to maintain desired standards for they are influenced by "outside" information. Any system that inter-
faces with the environment is open to the extent that it receives stimuli from outside its own control. 
For example, a spaceship that depends upon navigational information from computers on earth would 
be operating (at least partly) as an open system. 

8. TRANSFORMATION AND VALUE ADDED ACTIVITIES 

The objective of combining resources (that is, factors of production) under controlled conditions is to 
transform them into goods or services having a higher (material or immaterial) value than the original 
inputs. The effectiveness of the use of the factors of production to produce goods and services is 
commonly referred to as productivity. Basically, productivity connotes a relationship of output to input 
such that: 

 

This concept of value added is in contrast to the notion of engineering efficiency where energy losses 
within any physical system prohibit the ratio of output to input from being greater than one. 

The values placed on goods or services differ with consumers. But as a large volume of output enters a 
competitive market, monetary amounts typically emerge as indicators of value. However, many 
outputs from a production system, such as employee satisfactions, social and environmental impacts, 
and so forth, are unique, and are difficult to value on a monetary basis. In the past, such intangible 
values and side effects of production decisions were often overlooked. Today we recognize the reality 
of these outputs and managers are forced to deal with them in terms of different individual and group 
value systems. 

Measures of physical productivity serve as means of comparison for two or more individual units or 
organizations, as well as for whole industries and even nations. The resource base, population growth, 
ethic of the people, and existing level of technology all contribute to the economic growth rate of a 
nation. The productivity of the employees depends on (i) the level of training and education of the 
employees and (2) the substantially higher capital investment in automated production equipment. 

Since organizations operate in a dynamic environment that charges over time, the inputs and outputs 
are best described as flows of inputs and outputs. In the physical sense, production (as a noun) results 
from maintaining the system flows. For a given level of inputs, improvements in the design or control 
of the system will increase productivity and the value of the outputs will be greater. 

Production operations managers are concerned with both the technology of the transformation process 
and the methodology of managing the process. The technology is often unique to given industries, such 
as steel or paper processing, and is not the central focus of this text. However, the methodology of 
planning, organizing, directing, and controlling activities has a theoretical base which is common to 
most, or perhaps all, production activities. The development and use of this type of analytical base is 
the concern of this text. 
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LESSON 2. Systems Concept: Managerial Policy and Decision Making 

Managerial policy  - functional approach, behavioural approach, decision-making-systems approach - 
decision-making functions - knowledge and value base, analytical framework for decisions, 
environment of decisions: certainty and uncertainty - methodology of decisions - complete certainty 
methods, partial information methods, extreme uncertainty methods. 

1. MANAGERIAL POLICY 

Modern management techniques have developed from a unique history of practical and theoretical 
effort. When   the machine-powered factory system became well established  Frederick Taylor 
suggested that the scientific method be applied to all management problems. More specifically, he 
proposed (1) scientific selection and training of workers, (2) definition of each worker's tasks, and (3) 
cooperation and division of work between labour and management. Taylor's ideas were known  as 
"scientific management systems" and he was known as the "father of scientific management." As 
corporations grew, a larger financial base was required and stock ownership became more widespread. 
Owners soon turned to professional managers to run their organizations. Several theories were 
developed to explain the role of managers; the important  approaches to management are discussed 
below. 

 1.1. Functional Approach 

This widely held approach holds that management has traditionally been charged with the role of 
planning, organizing, directing, and controlling the activities of an organization. This approach regard 
management as a universal process which is readily understood in terms of these fundamental 
functions which must be performed regardless of the type of organization. 

1.2. Behavioural Approach 

This human relations approach recognizes that managers are people who work through other people to 
lead the activities of an organization. In viewing the individual as a sociopsychological being, it 
concentrates upon behavioral and motivational forces and stresses the art of interpersonal 
relationships. The manager is a leader of individuals or groups and the human element of organization 
receives paramount attention.   

1.3. Decision-Making-Systems Approach 

This approach views a manager basically as a decision maker within an operating system. Management 
is concerned with the methodology and implementation of decisions that facilitate system goals. The 
decisions may well relate to both functions (such as planning, organizing, directing, and controlling) 
and to people, for these subgoals and resources both exist within a systems context. Furthermore, 
scientific methods of modeling and systems analysis can be followed to reach decisions. 

Whereas some management theorists would separate the decision-making and systems approaches, we 
have chosen to emphasize decision making in a systems context because of its theoretical basis and 



System Engineering 

  www.AgriMoon.Com 

13 

applied usefulness. Other approaches also exist, but we shall not explore them in any depth. For our 
purposes, then, we shall refer to management as the process of making decisions and taking action 
relative to functions and behaviour which direct the activities of people in organized systems toward 
common objectives. 

2. DECISION-MAKING FUNCTION 

The decision-making-systems approach has particular scientific and analytical suitability, the concept 
can be  selected  from other perspectives. 

2.1. Knowledge and Value Base 

The idea of management as a science is founded upon several observations. First, the "principles and 
methodology of management" form an organized body of knowledge. Moreover, much of the current 
decision methodology has advanced to a logically rigorous state. Second, real-world data are available 
for analysis. The business world is essentially a laboratory to the management scientist. Third, an 
objective systematic analysis of the data can often be made. This analysis relies largely upon modern 
mathematical and statistical techniques. Finally, another experimenter (decision maker) could use the 
same data and arrive at consistent results. 

The association of management with the scientific method involves drawing objective conclusions from 
facts, and facts come from analysis of data. Therefore, the idea of quantification of data is an important 
element in viewing management as a science. Computers and management information systems are 
now providing such a data base for decisions. By means of mathematical modeling and simulation, this 
decision-making process also allows for experimentation and for testing of hypotheses. 

Viewing management from the standpoint of a science, one must conclude that the decision-making 
methodology can be both taught and learned as can other sciences. People need not be "born managers" 
to do the job. Education, training, and experience can improve managers' abilities to make optimal 
decisions. They can learn ways of identifying relevant system parameters, collecting data, and 
analyzing data that will lead to better courses of action. As decision making becomes more scientific, 
the importance of clearly defined objectives and systematic analysis also becomes more apparent. 

If managers were nothing more than mechanistic robots operating in a computerized laboratory, we 
might uncompromisingly argue for the full-fledged classification of management as a science. But 
management decisions are not always based upon an "objective systematic analysis of the data. The 
same humanistic element of concern for others exists in the engineering, medical, and other professions 
which we commonly associate with the scientific method. Professional decisions are not always value 
free - the choice of an "appropriate action" often rests, at least partly, upon an individual or an 
institutionalized value system. 

The incorporation of values into business decisions does not necessarily brand the decision process as 
nonscientific - nor the results as invalid or unpredictable - for several reasons. First, many business 
decisions can legitimately be based upon facts that do not carry value-laden implications. This is 
especially true for numerous routine decisions related to micro, or subsystem, operations. An example 
of this would be the choice an operations manager must make between two similar pieces of capital 
equipment with differing initial costs and lifetimes. The chances are that this decision can be made in a 
fairly objective, systematic manner. 
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Second, existing legal or environmental controls may accurately reflect individual or organizational 
ethics. For example, production cost auditors may believe that the intent of the tax laws accurately 
reflects what their firms "should" pay in federal taxes. Thus they neither overlook legitimate cost 
deductions nor attempt to capitalize on tax "loopholes." In this case, the applicable laws provide a 
satisfactory guide to action. 

Third, values can be made known and accepted as an underlying standard. Many organizations have 
identified and adhere to sound values (such as codes of ethics) that are applied in a consistent and 
predictable manner. In this sense, a broadly based value system acts much like an organized body of 
knowledge and facilitates a scientific approach to decisions. 

Of course, many (perhaps most) value-based decisions are complex. Problems arise when "the law" is 
an inadequate guideline or when values are not commonly or consistently held. Individual decision 
makers sometimes narrow organizational concerns to their own self-interests. Others have little sense 
of distributive justice and their allegiance wavers among the conflicting interests of themselves, 
employees, stockholders, consumers, society, etc. Decision making in such situations cannot be 
construed as being truly "scientific." Nevertheless there is even hope for eventually moving these 
situations a little closer towards a scientific basis through proper education and training of the decision 
makers. As decision makers gain an improved awareness of the value systems of others, the reasons for 
differences become explored, some differences are resolved, and others perhaps are more willingly 
accommodated. 

Recognizing that despite value differences a scientific framework for business decisions does have 
wide applicability, we now go on to examine the analytical framework for decisions in greater detail. 
As we proceed through the steps we shall note the areas where value system differences come into 
play. 

2.2. Analytical Framework for Decisions 

An analytical and scientific framework for decisions implies several systematic steps for the decision 
maker. These steps are summarized as below. 

1. Define the system and its parameters. 

2. Establish the decision criteria (i.e., the goals). 

3. Formulate a relationship (model) between the parameters and the criteria. 

4. Generate alternatives by varying the values of the parameters. 

5. Choose the course of action which most closely satisfies 'he criteria. 

The systems approach to defining the problem (step 1) helps to ensure that the final decisions are as 
nearly optimal as possible. A system defined broadly may include many tangential aspects of a 
problem, making it extremely difficult to establish the complex relationships among the variables. 
Similarly, a narrowly defined problem might omit relevant variables. The inclusion or exclusion of 
variables depends upon the system goals; if variables have a significant effect on the goals, they should 
be included as parameters of the system. 
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In some cases, skilled systems analysts can facilitate the solution of problems by providing the 
operating manager with specific systems design and programming skills. However, the model user 
must almost inevitably become actively involved in defining the problem and formulating the 
relationships (that is, model building) if the solution is to be truly a useful user-oriented one. This 
requires close communication and interchange of information between the systems analyst and the 
decision maker. 

The establishment of decision criteria (step 2) is of paramount importance for they stem directly from 
objectives which give purpose and direction to work efforts of the organization. For many years, profits 
served as a convenient and accepted goal for most free enterprise organizations. Perhaps this was 
because early models of firm behavior were based almost wholly on economic theory. Today, empirical 
re- search reveals that organizations have sets of goals rather than single goals and that profits are only 
one of many possible objectives. Studies identified the following eight types of goals set by industries. 

1. Organizational efficiency 

2. High productivity 

3. Profit maximization 

4. Organizational stability 

5. Employee welfare 

6. Organizational growth 

7. Industrial leadership 

8. Social welfare 

There is reason to suggest that social welfare goals have gained more importance as environ mental 
concerns have become more prominent during the past few years. Social pressures are now strongly 
limiting the exploitation of resources solely for economic gain and instead are focusing upon the 
greatest good for the most people over the longest period. Nevertheless, for many organizations within 
our free enterprise society, profits continue to be a key source of motivation, rewards, and 
investment capital that underlies a good deal of our nation's economic progress. 

Numerous ways exist for classifying objectives, such as economic, social, and political, or individual 
and organizational. The above listed goals   have been classified into: (1) general efficiency, which are 
specific and largely quantifiable criteria and include organizational efficiency, high productivity, and 
profit maximization; (2) associative status, which sometimes results as a by-product of action toward 
general efficiency goals and includes organizational growth, industrial leadership and orgnaisational 
stability; (3) employees welfare; and (4) social welfare classifications. The study referenced found 
relatively strong correlations between associative goals and personal or organizational characteristics 
suggesting that differenced in firm behaviour may be more due to associative status goals than to 
general efficiency goals, and that actual goals of a business may be related more be related more closely 
to personal characteristics of the managers than to broad characteristics of the business. 

The decision criterion (or set of criteria) flows directly from organizational objectives and should be as 
specific as possible. A criterion of ―maximizing profits‖ may be adequate as one (economic) 



System Engineering 

  www.AgriMoon.Com 

16 

organizational goal, but too broad and inadequate for much decision making on an operational goal, 
but too broad and inadequate for much decision making on an operational level. Fig. 4 depicts the 
hierarchical structure of goals by comparing it to the familiar upside-down planning pyramid which 
begins with broad objectives that are ultimately operationalized into specific rules. The figure 
illustrates the necessity of specific directives such as ―Rotate workers among 3 jobs‖ in order to fulfill 
broader objectives such as ―Increase profits‖. Note the subsystem criteria must be consistent with the 
higher-level goals. If inconsistencies exist in the goal structure, some of the organization‘s resources are 
probably being wasted by the pursuit of contradictory objectives. An example of this would be a power 
company with vague profit and service objectives. If its marketing group were to promote the 
distribution of air conditioners while the production capacity was inadequate, neither profit nor service 
objectives would be achieved. In some cases system criteria, such as ―good customer service,‖ are so 
difficult to quantify that substitute criteria, such as ―number of customer complaints,‖ must be used. 
One should clearly recognize and label such measures as indicators or criteria. Otherwise, the 
substitute criteria may be satisfied, even though the intent of the system criteria is not. For example, a 
pressured office manager might ―reduce the number of customer complaints by 50 percent‖ by simply 
adopting a tedious 10-page customer complaint form. Unfortunately, this is not likely to help achieve 
the organizational objective of better customer service even though the office manager will have 
satisfied the substitute criteria. Large bureaucracies are often faced with such problems of using 
substitute criteria because system objectives become institutionalized in terms of formal policies and 
impersonal regulations. For this reason decision criteria should be reviewed frequently to ensure the 
surrogate criteria are being used in a manner consistent with total system criteria. 

  

 Fig. 4.  Decision criteria hierarchy 
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Source: Monks, J.G. 1977. Operatons Management – Theory and Problems. McGrawhill Book 
Company, New York. 

The formulation of a relationship, or model, for experimentation (step-3) lies at the heart of the 
scientific decision-making process. Models may be verbal, pictorial, schematic decision-making 
process. Models may be verbal, pictorial, schematic, physical, scale, numerical and statistical or 
mathematical. In general, they attempt to describe the essence of a situation or activity by abstracting 
from reality so the decision maker can study the relationship among relevant variables in isolation. 
They do not attempt to duplicate reality in all respects, for models that do this reveal nothing. Instead, 
they are limited approximation of reality. If, for example, the system boundaries were defined in a 
wide and inclusive manner, the problem situation would perhaps be more realistic, but the problem 
itself would remain just as difficult to solve. The key to model building lies in abstracting only the 
relevant variables that affect the criteria and expressing the relationships in a testable form. 

A generalized mathematical or statistical model might take the form: 

Objective criteria = function of (controllable variables, uncontrollable variables, error) 

or symbolically 

            Obj = f(X,Y,Є) 

A full description of any model should also include a statement of its assumptions and constraints. All 
models need not have controllable X, uncontrollable Y, and error terms Є, but these are convenient 
classifications. The error term often represents a statistical factor which accounts for our use of sample 
rather than census data. Of course we attempt to keep the amount of error as small as possible. 

            As an example of a more specific mathematical model we might express a proposed production 
quantity Q as: 

Q = f(F,D,I) 

Where, 

f = forecast or budgeted production rate 

D = actual demand rate 

I = current inventory level 

Note that the forecast production rate F is a controllable variable, actual demand D is largely 
uncontrollable, and current inventory level I has elements of both. By relating the parameters F,D, and 
I, via appropriate equations and assigning values to these parameters, the model builder can arrive at 
proposed values for Q. 

Fig. 4 shows the mathematical modeling process in the form of a schematic model [1:72 (modified)]. 
Note that it is an abstraction which begins and ends with the real world. The validity of a model 
should, of course, be judged relative to what it is supposed to do. If, for example, a forecasting model 
accurately predicts real world demand, a manager would consider it to be a ―good‖ model. Techniques 
are available to evaluate the validity of models, some of which we shall discuss later in the text. 
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Fig.5.   Mathematical models 

One of the most difficult aspects of model building lies in incorporating experience, human values, and 
subjective or less-tangible factors into the relationship in a mathematical or statistical manner. 
Although this is certainly not a new problem, the renewed emphasis on human and social values has 
generated increased efforts along these lines. Another difficult aspect of model building involves the 
problems of accommodating multiple goals, as explained earlier. Whereas goal identification is still 
largely a subjective undertaking, the quantitative approaches of utility theory and goal programming 
offer some objective potential in this realm. 

Any decision problem implies that alternatives exist. The relationships formulated between the 
parameters and the decision criteria permit the generation of alternative solutions (step-4) by varying 
the values of the parameters. Mathematical and statistical models, again, are particularly suitable for 
generating alternatives because they are so easily modified. The model builder can ―experiment‖ with 
the model by substituting different values for controllable variables (such as employment levels) as 
well as uncontrollable variables (such as actual demand). 

It is noted earlier that the goals and decision criteria had a strong value base. The generation of 
alternatives also has important value connotations. Just as goals are an end, the alternatives are a 
means to that end. Both individuals and institutions are sometimes faced with the question of whether 
or not a given means is morally acceptable. 
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Our society generally upholds the conviction that the end does not justify the means. For example, the 
courts have said that a legitimate goal of profits or market share does not justify price fixing or 
collusion as a means of obtaining it. In some cases, legislation (such as antitrust laws) may constitute a 
satisfactory behaviorual guide for managers. But laws do not anticipate every situation and managers 
must generally rely upon their individual and institutional value systems. In these situations values 
play an important role in the decision process by ruling out (as infeasible) any alternatives that are not 
consistent with behavioral standards. 

The final step in the decision process ( step 5) is to choose the best course of action, that is, the one that 
best satisfies the criteria. Some models, such as linear programming, are inherently of an optimizing 
nature and automatically seek out a maximizing or minimizing solution. If the system boundaries are 
clearly defined, and all the model assumptions are satisfied, these methods will generate optimal 
solutions to the specific situations. Other models are more suitable for use in situations that are so 
complex, uncertain, or subjective that optimal solutions cannot be used to suggest the best course of 
action, or at least a preferred course, on the basis of the information and resources available to make the 
decision.    The best course of action or solution to a problem determined through use of a model is just 
that-a solution to the model! The true test of the decision process comes when the theoretical solution is 
applied to the real-world situation. Decision-making processes should therefore incorporate follow-up 
procedures to ensure that the action is appropriate in the real world. These procedures should include 
an analysis and evaluation of the solution plus any recommendations for changes or adjustments. 

2.3. Environment of Decisions: Certainty-Uncertainty 

Focus on  the knowledge and information base that provides the data which are  essential to the 
scientific decision-making process is important. With better information, a decision maker can be 
expected to make decisions that more effectively move an organization towards its goals. Fig. 5 depicts 
the information environment of decisions as one ranging from a situation where the decision maker has 
(or assumes he or she has) complete information about the decision variables to the other extreme 
where he or she has no information about them. Operations management decisions are in fact made at 
numerous points along this continuum from complete certainty to extreme uncertainty. 

As can be seen, complete certainty requires census data on all elements in the population. Lacking this, 
large samples lend more certainty than do small samples. Beyond this, subjective information is very 
likely better than no data at all. 
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Fig. 6.    Information environment 
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LESSON 3. Systems Concept : Methodology and Models 

Models for operations analysis - economic break-even analysis - utility-based decisions - production 
system schematic - classification of operations management decision areas. 

1. METHODOLOGY OF DECISIONS 

The kind and amount of information available about the decision criteria and variables help determine 
which type of analytical methods are most appropriate for a given decision situation. Fig. 1 shows 
some useful quantitative methods currently available to operations managers. These analytical 
techniques often serve as the basis for formulating models to help reach decisions. Illustrative problems 
 make wide use of these and other quantitative methods. The text material is, however, application-
oriented, and organized according to subject matter rather than to quantitative method. Thus, in many 
cases, more than one methodology may be suitable for a given problem. A brief description of some of 
these analytical methods are discussed below. 

1.1. Complete Certainty Methods 

A condition of certainty does not necessarily imply that decision making is easy, for a problem may be 
ill-defined, decision criteria unclear, or there may be too many variables to accommodate economically, 
even though the model is theoretically feasible.  For many situations, however, the following methods 
are useful. 

Algebra: This basic mathematical logic is useful in both certainty and uncertainty analysis. Given valid 
assumptions, algebra provides a deterministic solution in situations such as break-even and benefit-
cost analysis. 

Calculus: This branch of mathematics provides a useful tool for determining optimal values (limits) 
where functions are to be maximized or minimized, such as inventory costs. 

Mathematical programming: Programming techniques have found extensive applications in product-
mix decisions, minimizing transportation costs, planning and scheduling production, and numerous 
other areas. 

1.2. Partial Information Methods 

Statistical analysis:  Classical estimation and testing techniques methods have proven increasingly 
valuable as means of better using operating information for decisions. Some of the widespread applica-
tions include the setting of labor standards, forecasting, inventory and production control and quality 
control. 

Queuing theory: Analysis of queues in terms of waiting-line length and mean waiting time is 
particularly useful in analyzing maintenance activities. 
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Simulation: Simulations duplicate the essence of an activity or system without actually achieving 
reality. Computer simulations are valuable tools for analysis of investment outcomes, production 
processes, scheduling, and maintenance activities. 

Heuristic methods: Heuristic methods are sets of rules which, though perhaps not optimal, do facilitate 
solutions of scheduling, layout, and distribution problems when applied in a consistent manner. 

Network analysis techniques: Network approaches include decision trees, CPM, and PERT methods. 
They are particularly helpful in identifying alternative courses of action and controlling research, 
investment, and a multitude of project activities. 

Utility: theory Utility or preference theory allows decision makers to incorporate their own experience 
and values into a relatively formalized decision structure. 

 

Fig.1.   Decision certainty 

1.3. Extreme Uncertainty Methods 

Game theory:  Game theory helps decision makers to choose courses of action when there is absolutely 
no information about what state of the environment will occur. 

Flip coin: In spite of the "unscientific" nature of nipping a coin, random measures such as this are 
widely used in situations where the decision makers are wholly indifferent. 
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2. MODELS FOR OPERATIONS ANALYSIS 

Some decision-making aids are illustrated by reviewing three models useful for operations analysis: (1) 
economic break-even analysis, (2) utility-based decisions, and (3) a production system schematic. 

2.1. Economic Break-Even Analysis 

This economic model has facilitated industrial development by providing organizations with a 
simplified profit-oriented goal structure that favours innovation, efficiency and growth. 

Profits, of course, arise from the excess of total revenues (TR) over total costs (TC). Recognizing that 
total costs are composed of both fixed costs (FC) and total variable costs (TVC), the profit function can 
be expressed as: 

Profit = TR - TC 

Profit = TR - (FC + TVC) 

Major cost categories often include direct labour, direct material, and overhead (or indirect production 
expenses). The direct labor and direct material, plus some other items such as factory supplies, are 
usually classified as variable costs because they typically change with the volume of production. 
Supervision, taxes, office salaries, building depreciation, etc., are usually of a more fixed or semi-
variable nature. Fixed costs are essentially constant over a given range of output, but admittedly do 
change over the long run as plant expansions are made, taxes change, and the like. 

A break-even chart is a convenient way of graphically describing the relationship between costs and 
revenues for different volumes of output. Fig.2. depicts this relationship over a range of volume where 
total revenue increases linearly with each unit sold, and total cost reflects both an unavoidable fixed 
cost plus a per unit variable cost. The break-even point (BEP) is that volume of output where the fixed 
and variablecosts are just covered, but no profit exists. Thus at the BEP, the total revenues equal the 
total costs (TR = TC). Recognizing that revenues reflect the price P charged per item times the volume 
V sold, we can restate the TR = TC expression as: 

 P(V) = FC + VC(V) 

 and derive an expression for the break-even volume as: 
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 Fig.2. Break-even chart 

Break-even analysis is simple and easy to visualize, and it condenses decision information into a form 
that is readily understandable by almost anyone. Also, it is concerned with a vital aspect of free 
enterprise of organizations—profitability. However, it is a technique based wholly upon economic 
factors. It assumes one has complete knowledge about all the economic parameters, for the price, cost, 
and demand data must eitlier be known for certain or assumed. Furthermore, the relationship between 
these variables is assumed to follow a simple linear function which may be acceptable over short 
ranges but often is really not satisfactory for longer-range decisions. Extrapolation to high outputs 
involves an increasing amount of risk, for the model fails to account for any effects of decreasing 
returns to scale as facilities become overloaded or markets become saturated. 

2.2. Utility-Based Decisions 

Utility is the measure of preference that individuals have for various choices available to them. The 
utility value of a given alternative is unique to individual decision makers and unlike a simple 
monetary amount, can incorporate intangible factors or subjective standards from their own value 
systems. Utility functions typically describe the relative preference value (in utils) that individuals have 
for a given amount of the criterion (such as money, goods). 

2.3. Production System Schematic 

Operations management is the activity whereby resources, flowing within a defined system, are 
combined and transformed in a controlled manner to add value in accordance with policies 
communicated by management. Having discussed the key concepts of resources, systems, 
transformation activities, and managerial policy, as well as the concept of models, let us now visualize 
this definition in terms of a schematic model. 

Fig.3. presents a schematic representation of an operating production system. As shown, operations 
management is directly responsible for the transformation activities whereby inputs are combined and 
converted into outputs. It also exercises an influence over the human, material and equipment, and 
capital inputs by virtue of functioning within a total system where the personnel, engineering and 
purchasing, and finance activities exist but are under the direct responsibility of others. Similarly, the 
outputs are not only tangible goods and services which are managed by the marketing group. 
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Production operations also exert an impact upon the social, political, ecological, and technological 
environment of the firm. The economic results which flow to the public are another direct reflection of 
the production activities. In essence, the model depicts flows of human, material, and capital resources 
from the environment, through the transformation activities, and back to the environment. All flows 
are accompanied by data and information which is used internally for control purposes and externally 
for describing and modifying the role of the firm in its environment. 

 

Fig3. Schematic Model of a Production System 

3. CLASSIFICATION OF OPERATIONS MANAGEMENT DECISION AREAS 

It is convenient to classify the material and equipment, human, and capital resource decisions primarily 
as planning and organization decisions. They relate largely to the design or modification of the design 
of the production system. The process analysis, forecasting, inventory control, production control, 
quality control, maintenance and cost control decisions all relate to the operation of the production 
system. These decisions have been broadly classified as direction and control decisions. Finally, an 
increasingly important decision area pertains to environmental factors.  In most cases, a discussion of 
theory is followed by solved problems which illustrate applications of the management decision-
making methodology that is suitable for given problem situations. 
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 Table 1.   Major Operations Management Decision Areas 

 Planning and Organizing Decisions 

1. Operations 
modeling 

2.  Materials and 
equipment 

3.   Human resources  4. Capital 

  

1. Systems 
definition 

2. Objectives 

3. Modeling 
methodology 

4. Alternative 
generation 

5. Choice 
activities 

  

  

1. Plant capacity 

2. Plant location 

3. Plant layout 

4. Product 
standards 

5. Process 
methods 

6. Material 
handling 

7. Make vs. buy 

  

1. Job design 

2. Work methods 

3. Motion 
economy 

4. Labor 
standards 

5. Labor relations 

6. Employee 
safety 

7. Employee 
incentives 

  

1. Sources and 
uses of funds 

2. Cost of funds 

3. Depreciation 
method 

4. Tax effects 

5. Evaluation 
technique 

6. Handling 
uncertainties 
in cash flow 

 Direction and Control Decisions 

5.   Production and 
process analysis 

6. Forecasting  
Aggregate planning 

7. Inventory 
control 

8.  Aggregate planning 

  

1. R & D effort 

2. Product 
design 

3. Product mix 

4. Process 
planning 

5. Process 

  

1. Uses of 
forecasts 

2. Objectives 
and criteria 

3. Response to 
demand 

4. Variables to 

  

1. Uses of 
inventories 

2. Quantity 
to order 

3. Quantity 
to produce 

4.  Handling 

  

1. Objectives and criteria       

2. Variables to learning 
curve effect 

3. Planning methodology     
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selection 

6. Line 
balancing 

control 

5.  Forecasting 
methodolog
y 

6. Learning 
curve effect 

7. Validity and 
control 

8. Planning 
methodolog
y 

uncertainti
es in 

5. Demand 
and lead 
time     

6. Deriving 
stock-out 
costs 

7. Control 
system to 
use 

 

9.  Scheduling and 
control 

10.  Quality control 11.    Maintenance and cost  control 

  

1. Scheduling 
philosophy 

2. Scheduling 
methodolog
y 

3. Control 
methodolog
y 

  

  

1. Quality 
objectives 

2. Acceptance 
sampling 

3. Control 
charts to use 

  

1. Maintenance objectives 

2. Reliability required 

3. Service rates 

4. Budget type and use 

5. Cost standards 

6. Cost variances 

 Environmental Interface Decisions 

1. Goods and services   
2. Economic impacts 
3. Non economic impacts 
4. Social responsibilities 
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 4. SUMMARY 

Operations managers are decision makers responsible for using human, material, and capital resources 
to create valuable goods and services. Their work can be greatly facilitated by adopting a decision-
making-systems approach to managerial activities. This approach requires (1) a clear definition of the 
system, (2) the establishment of criteria, (3) a formulation of relationships, (4) the generation of 
alternatives, and (5) the choosing of a course of action based upon the criteria. 

The key element of a decision-making activity often involves formulation of a model so that the 
alternative courses of action can best be analyzed and evaluated. The actual structure of the model, of 
course, depends upon the kind of information available and the prevailing level of certainty in the real 
world. Techniques for making decisions under the various certainty-uncertainty conditions will be 
used as relevant topics arise within the text. Three analytical aids for operations analysis were 
discussed in this module. Break-even analysis assumes certainty and is generally limited in scope to 
economic factors, but it is widely used. Utility theory is a newer and promising technique for uncertain 
situations, but it is not yet widely accepted. It is one of the more formalized methods of incorporating 
human values into the decision process. The production system model described in this chapter is 
essentially a schematic "visualization" of the definition of operations management.   
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MODULE 2. Requirements for linear programming problems 

LESSON 4. Origin and Development of OR 

1.1 INTRODUCTION 

The term operations Research was first coined in 1940 by McClosky and Trefthen in a small town, 
Bowdsey, of the United Kingdom. This new science came into existence in military context. During 
world war II, military management called on scientists from various disciplines and organized them 
into teams to assist in solving strategic and tactical problems (ie) to discuss, evolve and suggest ways 
and means to improve the execution of various military projects. By their joint efforts, experience and 
deliberations, they suggested certain approaches that showed remarkable progress. This new approach 
to systematic and scientific study of the operations of the system was called the Operations Research or 
Operational Research (abbreviated as O.R). 

During the year 1950, O.R achieved recognition as a subject worthy of academic study in the 
Universities.  Since then, the subject has been gaining more and more importance for students of 
Economics, Management, Public Administration, Behavioral Sciences, Social work, Mathematics, 
Commerce and Engineerin 

Operations Research Society of America was formed in 1950 and in 1957 the International Federation of 
O.R Societies was established.  In several Countries, International Scientific Journals in O.R began to 
appear in different languages.  The primary journals are Operations Research, Transportation Science, 
Management Sciences, Operational Research Quarterly, Journal of the Canadian Operational Research 
Society, Mathematics of Operational Research, International journal of Game Theory etc. 

 1.2 Operational Research in India 

In India, Operational Research came into existence in 1949 with the opening of an Operational Research 
Unit at the Regional Research Laboratory at Hyderabad.  In 1953, an Operational Research Unit was 
established in the Indian Statistical Institute, Calcutta for the application of Operational Research 
methods in national planning & survey .  Operational Research Society of India was formed in 1957.  It 
became a member of the International Federation of Operational Research Societies in 1959.  The first 
Conference of Operational Research Society of India was held in Delhi in 1959.  Operational Research 
Society of India started a journal ―Opsearch‖ in 1963.  Other journals which deal with Operational 
Research are : Journal of the National Productivity Council, Materials Management journal of India and 
the Defence Science journal. 

1.3 Definition 

Because of the wide scope of applications of Operational Research, giving a precise definition is 
difficult.  However, a few definitions of Operational Research are as under : 

1. ―Operational Research is the application of scientific methods, techniques and tools to problems 
involving the Operations of a system so as to provide those in control of the system with 
optimum solutions to the problem‖. 

-       C.W.Churchman, R.L.Ackoff & E.L.Arnoff 
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1. ―Operational Research is the art of giving bad answers to problems which otherwise have 
worse answers‖. 

-       T.L.Saaty 

1.4 Models in Operational Research 

A model in Operational Research is a simplified representation of an operation or a process in which 
only the basic aspects or the most important features of a typical problem under investigation are 
considered. 

Types of Models 

       There are many ways to classify models and therefore, the decision-maker must identify which 
type of model best suits the decision problem. 

Physical Models 

These models provide a physical appearance of the real object under study either reduced in size or 
scaled up physical models are useful only in design problems because they are easy to observe, build 
and describe. 

1. Iconic models:Iconic model retain some of the physical properties and characteristics of 
the system they represent. 

2. Analogue models : The models represent a system by the set of properties different 
from that of the original system and does not resemble physically. 

 Symbolic Models 

       These models use letters, numbers and other symbols to represent the properties of the system. 

1. Verbal Models : These models describes a situation in written or spoken language. 
   eg:- Written Sentences, books etc., 

2. Mathematical Models: These models involve the use of mathematical Symbols, letters, numbers 
and mathematical operators (+, -, ÷, ×) to represent relationship among various variables of the 
systems to describe its properties or behaviour. 

Descriptive Models 

These models simply describe some aspects of a situation, based on observation, survey, questionnaire 
results or other available data of a situation and do not predict or recommend. 

       Eg:- Plant layout diagram 

Predictive Models 

These models are used to predict the outcomes due to a given set of alternatives for problem.  These 
models do not have an objective function as a part of the model to evaluate decision alternatives. 
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Optimization Models 

       These models provide the ‗best‘ or ‗optimal‘ solution to problems subject to certain limitations of 
the use of resources. 

Static Models 

       Static models present a system at some specified time and do not account for changes over time. 

Dynamic Models 

       In a dynamic model, time is considered as one of the variables and admit the impact of changes 
generated by time in the selection of the optimal courses of action. 

Deterministic Models 

If all the parameters, constants and functional relationships are assumed to be known with certainty 
when the decision is made, then the model is said to be deterministic.  For a specific set of input values, 
there is a uniquely determined output which represents the solution of the model under conditions of 
certainty. 

Eg:- Linear Programming Model. 

Probabilistic (Stochastic Models) 

Models in which atleast one parameter or decision variable is a random variable are called probabilistic 
(or Stochastic) models.  Since atleast one decision variable is random, therefore, an independent 
variable which is the function of dependent variable(s) will also be random.  This means consequences 
or payoff due to certain changes in the independent variable cannot be predicted with certainty.  
However, it is possible to predict a pattern of values of both the variable by their probability 
distribution. 

      Eg:- Insurance against risk of fire, accidents, sickness etc. 

Analytical Models 

These models have a specific mathematical structure and thus can be solved by known analytical or 
mathematical techniques.  Any optimization model ( which requires maximization or minimization of 
an objective function) is an analytical model. 

Simulation Models 

These models also have a mathematical structure but are not solved by applying mathematical 
structure but are not solved by applying mathematical techniques to get a solution.  Instead, a 
simulation model is essentially a computer assisted experimentation on a mathematical structure of a 
real-life problem in order to describe and evaluate its behavior under certain assumptions over a 
period of time. 
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LESSON 5. Methodology- Uses and Limitations 

2.1 Advantages of Models 

1. Through a model the problem under consideration becomes controllable. 
2. It provides some logical and systematic approach to the problem. 
3. It indicates the limitations and scope of an activity. 
4. Models help in finding avenues for new research and improvements in a system. 
5. It provides economic descriptions and explanations of the operations of the system they 

represent. 
  

2.2 Methodology of Operations Research 

It is essential to follow some steps that everybody agrees as being helpful in planning, organizing, 
directing and controlling Operations Research activities within an organization.  The steps are listed 
below : 

1. Formulation of the problem : It involves analysis of the physical system, setting-up of objectives, 
determination of restriction constraints against which decision should be adopted, alternative courses 
of action and measurement of effectiveness. 

 2. Construction of a Mathematical model : After formulation of the problem, the next step is to 
express all the relevant variables (activities) of the problem into a mathematical model.  A generalized 
mathematical model might take the form : 

E = f(xi, yj ) 

 Where f represents a system of mathematical relationships between the measures of effectiveness of 
the objective and the variables, both controllable and uncontrollable (yj ). 

 3. Deriving the solution from the model : Once the mathematical model is formulated, the next step is 
to determine the values of decision variables that optimize the given objective function.  This deals 
with the mathematical calculations for obtaining the solution to the model. 

 4. Validity of the model : The model should be validated to measure its accuracy.  A model is valid or 
accurate if (a) it contains al the objectives, constraints, and decision variables relevant to the 
problem,(b) the objectives, constraints, and decision variables included in the model are all relevant to, 
or actually part of the problem, and (c) the functional relationships are valid. 

 5. Establishing control over the solution : After testing the model and its solution, the next step of the 
study is to establish control over the solution, by proper feedback of the information on variables 
which deviated significantly, the solution goes out of control.  In such situation the model may 
accordingly be modified. 
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 6. Implementation of the final results :  Finally, the tested results of the model are implemented to 
work.  This would basically involve a careful explanation of the solution to be adopted and its 
relationship with the operating realities.  This stage of Operations Research investigation is executed 
primarily through the cooperation of both the operations Research experts and those who are 
responsible for managing and operating the system. 

 2.3 Applications of Operations Research 

Operations Research is mainly concerned with the techniques of applying scientific knowledge, besides 
the development of science.  It provides an understanding which gives the expert/manager new 
insights and capabilities to determine better solutions in his decision-making problems, with great 
speed, competence and confidence.  In recent years, Operations Research has successfully entered 
many different areas of research in Defence, Government, Service Organizations and Industry.  We 
briefly describe some applications of Operations Research in the functional areas of management: 

Finance, Budgeting and Investment 

1. Cash flow analysis, long range capital requirements, dividend policies, investment portfolios. 
2. Credit policies, credit risks and delinquent account procedures. 
3. Claim and complain procedure. 

Marketing 

1. Product selection, timing, competitive actions. 
2. Advertising media with respect to cost and time. 
3. Number of salesmen, frequency of calling of account etc. 
4. Effectiveness of market research. 

Physical Distribution 

1. Location and size of warehouses, distribution centres, retail outlets etc. 
2. Distribution policy. 

Purchasing, Procurement and Exploration 

1. Rules for buying. 
2. Determining the quantity and timing of purchase. 
3. Bidding policies and vendor analysis. 
4. Equipment replacement policies 

Personnel 

1. Forecasting the manpower requirement, Recruitment policies and assignment of jobs. 
2. Selection of suitable personnel with due consideration for age and skills, etc. 
3. Determination of optimum number of persons for each service centre. 

Production 

1. Scheduling and sequencing the production run by proper allocation of machines. 
2. Calculating the optimum product mix. 
3. Selection, location and design of the sites for the production plant. 

Research and Development 

1. Reliability and evaluation of alternative designs. 
2. Control of developed projects. 
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3. Co-ordination of multiple research projects. 
4. Determination of time and cost requirements. 

Besides the above mentioned applications of Operations Research in the context of modern 
management, its use has now extended to a wide range of problems, such as the problems of 
communication and information, socio-economic fields and national planning. 

 2.4 Uses and Limitations of Operations Research 

Uses 

1. Optimum use of production factors.  Linear programming techniques indicate how a manager 
can most effectively employ his production factors by more efficiently selecting and distributing 
these elements. 

2. Improved quality of decision.  The computation table gives a clear picture of the happenings 
within the basic restrictions and the possibilities of compound behavior of the elements 
involved in the problem.  The effect on the profitability due to changes in the production 
pattern will be clearly indicated in the table, e.g., simplex table. 

3. Preparation of future managers. These methods substitute a means for improving the 
knowledge and skill of young managers. 

4. Modification of mathematical solution.  Operations Research presents a possible practical 
solution when one exists, but it is always a responsibility of the manager to accept or modify the 
solution before its use.  The effect of these modifications may be evaluated from the 
computational steps and tables. 

5. Alternative solutions.  Operations Research techniques will suggest all the alternative solutions 
available for the same profit so that the management may decide on the basis of its strategies. 

Limitations of Operations Research 

Operations Research has certain limitations.  However, these limitations are mostly related to the time 
and money factors involved in its applications rather than its practical utility.  These limitations are as 
follows : 

a) Magnitude of computation. Operations Research tries to find out the optimal solution taking all the 
factors into account.  In the modern society, these factors are numerous and expressing them in 
quantity and establishing relationship among these, requires huge calculations.  All these calculations 
cannot be handled manually and require electronic computers which bear very heavy cost.  Thus, the 
use of Operations Research is limited only to very large organizations. 

b) Absence of quantification. Operations Research provides solution only when all the elements related 
to a problem can be quantified.  The tangible factors such as price, product, etc., can be expressed in 
terms of quantity, but intangible factors such as human relations etc, cannot be quantified.  Thus, these 
intangible elements of the problem are excluded from the study, though these might be equally or more 
important than quantifiable intangible factors as far as possible. 

c) Distance between managers and Operations Research.  Operations Research, being specialists‘ job, 
requires a mathematician or a statistician, who might not be aware of the business problems.  Similarly, 
a manager may fail to understand the complex working of Operations Research.  Thus, there is a gap 
between one who provides the solution and one who uses the solution.  
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LESSON 6. Linear Programming – Basic Ideas 

3.1 General Linear Programming Problem 

The linear programming involving more than two variables may be expressed as follows : 

  

Maximize (or) Minimize Z = c1x1 + c2x2 + c3x3 + ....... cnxn 

          subject to the constraints 

                   a11x1 + a12x2 + ... + a1n xn £ or = or ³ b1 

                   a21x1 + a22x2 + ... + a2n xn £ or = or ³ b2 

                   a31x1 + a32x2 + ... + a3n xn £ or = or ³ b3 

                   ................................ 

                   am1x1 + am2 x2 + ... + amn xn £ or = or ³ bm 

and the non-negativity restrictions    

                   x1, x2, x3, ... xn ³ 0. 

Note : Some of the constraints may be equalities, some others may be inequalities of (£) type or (³) type 
or all of them are of same type. 

Solution: A set of values x1, x2 ...xn which satisfies the constraints of the LPP is called its solution. 

Feasible solution:  Any solution to a LPP which satisfies the non-negativity restrictions of the LPP is 
called its feasible solution. 

Optimum Solution or Optimal Solution:  Any feasible solution which optimizes (maximizes or 
minimizes) the objective function of the LPP is called its optimum solution or optimal solution. 

Slack Variables:  If the constraints of a general LPP be 

                     ............(1) 

then the non-negative variables si which are introduced to convert the inequalities (1) to the equalities  
are called slack variables.  The value of these variables can be interpreted as the amount of unused 
resource. 
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Surplus Variables:  If the constraints of a general LPP be 

                      ............(2) 

then the non-negative variables si which are introduced to convert the inequalities (1) to the equalities 

 

are called surplus variables.  The value of these variables can be interpreted as the amount over and 
above the required level. 

 3.2 Canonical and Standard forms of LPP : 

After the formulation of LPP, the next step is to obtain its solution.  But before any method is used to 
find its solution, the problem must be presented in a suitable from.  Two forms are dealt with here, the 
canonical form and the standard form. 

The canonical form : The general linear programming problem can always be expressed in the 
following form : 

       Maximize Z = c1 x1 + c2 x2 + c3 x3 +  ... cn xn 

      subject to the constraints 

                   a11x1 + a12x2 + .... + a1n xn ≤ b1 

                   a21x1 + a22x2 + .... + a2n xn ≤ b2 

                   ................................. 

                   amlx1 + am2 x2 + ... + amn xn ≤  bm 

and the non-negativity restrictions    

                   x1, x2, x3, ... xn ≥ 0. 

This form of LPP is called the canonical form of the LPP. 

In matrix notation the canonical form of LPP can be expressed as : 

Maximize Z       =   CX (objective function) 

Subject to AX    ≤  b (constraints) 

and      X       ≥   0 (non-negativity restrictions) 
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where C         =   (c1  c2 …cn), 

 

3.2.2 Characteristics of the Canonical form : 

(i) The objective function is of maximization type. 

Min f(x)    =   - Max {-f(x) } (or) 

Min Z       =   - Max (-Z) 

 (ii)  All constraints are of (≤) type, except for the non-negative restrictions. 

An inequality of  ―≥‖ type can be changed to an inequality of the type ―≤‖ type by multiplying both 
sides of the inequality y -1. 

             For example, the linear constraint 

                   a1lx1 + a12 x2 + ... + a1n xn ≥   bi 

is equivalent to 

                   -ailx1 - ai2 x2 - ... - ain xn ≤ -  bi 

An equation may be replaced by two weak inequalities in opposite directions. 

For example 

ailx1 + ai2 x2 + ... + ain xn =  bi 

is equivalent to 

ailx1 + ai2 x2 + ... + ain xn ≥   bi 

and  ailx1 + ai2 x2 + ... + ain xn ≤  bi 

 (iii) All variables are non-negative. 

A variable which is unrestricted in sign is equivalent to the difference between two non-negative 
variables. Thus if xj is unrestricted in sign, it can be replaced by (xjl- xjll), where xjland xjll are both non-
negative, 
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 i.e.,  xj = xjl- xjll, where xjl  ≥ 0 and  xjl l≥ 0 

 The Standard From : 

The general linear programming problem in the form 

       Maximize or Minimize 

        Z = c1 x1 + c2 x2 + …….. + cn xn 

Subject to the constraints 

                   a11x1 + a12x2 + ....................... + a1n xn = b1 

                   a21x1 + a22x2 + ....................... + a2n xn = b2 

                   ..................................................................... 

                   amlx1 + am2 x2 + ............... + amn xn  =  bm 

                                    and x1, x2, ....................... xn ≥ 0 is known as standard form 

In matrix notation the standard form of LPP can be expressed as : 

Maximize or Minimize Z = CX (objective function) 

Subject to constraints  AX  = b and X ≥ 0 

Where, c =  (c1,c2,…,cn), 

 

3.2.3 Characteristics of the standard form : 

1. All the constraints are expressed in the form of equations, except for the non-negative 
restrictions. 

2. The right hand side of each constraint equation is non-negative. 

The inequalities can be changed into equation by introducing a non-negative variable on the left hand 
side of such constraint. It is to be added (slack variable) if the constraint is of ― ≤ ‖ type and subtracted 
(surplus variable) if the constraint is of ― ≥ ‖ type. 
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Basic Solution.: Given a system of m simultaneous linear equations with n variables (m < n).   

                Ax=b, xT ε Rn 

where A is an m x n matrix of rank m. Let B be any m x m sub matrix, formed by m linearly 
independent columns of A. Then a solution obtained by setting n-m variables not associated with the 
columns of B, equal to zero, and solving the resulting system, is called a basic solution to the given 
system of equations. 

The m variables, which may be all different from zero, are called basic variables. The m x m non-
singular sub matrix B called a basis matrix with the columns of B as basis vectors. The (n-m) variables 
which are put to zero are called as non-basic variables. 

Example: 

Obtain all the basic solutions to the following system of linear equation: 

x1 + 2x2 + x3 = 4 

2x1 + x2 + 5x3 = 5 

Solution: 

The given system of equations can be written in the matrix form 

Ax=b 

where, 

    

since rank of A is 2, the maximum number of linearly independent columns of A is 2. Thus we can take 
any of the following, 2x 2 sub-matrices as basis matrix B: 

  

The variables not associated with the columns of B are x3, x2 and x1 respectively, in the three different 
cases. 

    

A basic solution to the given system is now obtained by setting x3 = 0, and solving the system 
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Thus a basic (non-basic) solution to the given system is 

(Basic) x1= 2, x2 = 1;                       (Non-basic) x3 = 0, 

(Basic) x1= 5, x3 = -1;                      (Non-basic) x2 = 0, 

(Basic) x2 = 5/3, x3 = 2/3;                 (Non-basic) x1 = 0. 

We observe that all the above three basic solutions are non-degenerate solution. 

Degenerate Basic Solution:  A basic solution is said to be a degenerate basic solution if one or more of 
the basic variables are zero. 

Basic Feasible Solution:  A feasible solution to a LPP., which is also a basic solution to the problem is 
called a basic feasible solution to the LPP. 
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MODULE 3. Mathematical formulation of Linear programming problems and its Graphical solution 

LESSON 7. Mathematical Formulation of The Problem 

1.1 INTRODUCTION 

In fact, the most difficult problem in the application of management science is the formulation of a 
model. Therefore, it is important to consider model formulation before launching into the details of 
linear programming solution. Model formulation is the process of transforming a real word decision 
problem into an operations research model. In the sections that follow, we give several Lilliputian 
examples so that you can acquire some experience of formulating a model. All the examples that we 
provide in the following sections are of static models, because they deal with decisions that occur only 
within a single time period 

 1.2 ALGORITHM:  

The procedure for mathematical formulation of linear programming problem consists of the following 
major steps: 

Step1: Write down the decision variables of the problem.   

Step2: Formulate the objective function to be optimized (maximized or minimized) as a linear function 
of the decision variables.     

Step3: Formulate the other conditions of the problem such as resource limitations, market constraints 
,inter-relation between variables etc. as linear equations or in equations in terms of the decision 
variables.   

      Step4: Add the ‗Non-negativity‘ constraint from the consideration that negative values of the 
decision variables do not have any valid physical interpretation 

The objective function, the set of constraints and the non-negative constraint together form a Linear 
Programming Problem. 

1.3 SAMPLE PROBLEMS 

Ex1:  

(Production allocation problem). A manufacturer produces two types of models M1 and M2.Each 
M1 model requires 4 hours of grinding and 2 hours of polishing; whereas each M2 model requires 2 
hours of grinding and 5 hours of polishing. The manufacturer has 2 grinders and 3 polishers. Each 
grinder works for 40 hours a week and each polisher works for 60 hours a week. Profit on an 
M1 model is Rs 3.00 and on an M2 model is Rs. 4.00. Whatever is produced in a week is sold in the 
market.  How should the manufacturer allocate his production a week is sold in the market. How 
should the manufacturer allocate his production capacity to the two types of  models so that he may 
make the maximum profit in a week ?       
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Solution: 

Here is a real situation from an industry. The manufacturer can, if he so chooses, produce only model 
M2 , but then his grinders would be idle and his profits may be maximum. This is only a guess. To be 
definite, we must tell how many M1 models and how many M2  models should be produced per week, 
in order that his profits may be maximum. 

 Mathematical Formulation 

 Decision variables: Let 

                       X1 = number of units of M1 model, and 

                       X2 = number of units of M2 model.   

Objective function: The objective of the manufacturer is to determine the number of M1 and 
M2  models so as to maximize the total profit. 

            Z= 3x1 + 4x2 

Constraints: For grindinding since each M1 model requires 4 hours and each M2 model requires 2 hours 
the total number of grinding hours needed per week is given by 4x1 + 2x2. 

Similarly for polishing, the total number of polishing hours needed per week is 2x1+5x2 

Further, since the manufacturer does not have more than 2 x 40(=80) hours of grinding and 3x60(=180) 
hours of polishing, the time constraints are 

               4x1 + 2x2 ≤  80 and  2x1+ 5x2 ≤  180 

Non- negativity constraints: Since the production of negative number of models is meaningless, we 
must have x1 ≥ 0 and x2 ≥ 0 

Hence, the manufacturer‘s allocation problem can be put in the following mathematical form: 

Find two real numbers, x1 and  x2 such that 

1. 4x1 + 2x2 ≤ 80 

2. 2x1+ 5x2 ≤ 180 

3. x1≥ 0 , x2 ≥ 0 

and for  which the expression (objective function)    z = 3x1 + 4x2. 

Ex .2: Universal Corporation manufactures two products- P1 and P2. The profit per unit of the two 
products is Rs. 50 and Rs. 60 respectively. Both the products require processing in three machines. 
The following table indicates the available machine hours per week and the time required on each 
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machine for one unit of P1 and P2. Formulate this product mix problem in the linear programming 
form. 

Machine  

Product 
Available Time 

(in machine hours per week) 

P1 P2 
 

1 2 1 300 

2 3 4 509 

3 4 7 812 

Profit Rs. 50 Rs. 60 

Solution: 

Let x1 and x2 be the amounts manufactured of products P1 and P2 respectively. The objective here is 
to maximize the profit, which is given by the linear function 

Maximize z = 50x1 + 60x2 

Since one unit of product P1 requires two hours of processing in machine 1, while the corresponding 
requirement of P2 is one hour, the first constraint can be expressed as 

2x1 + x2 ≤  300 

Similarly, constraints corresponding to machine 2 and machine 3 are 

3x1 + 4x2 ≤ 509 
4x1 + 7x2 ≤ 812 

In addition, there cannot be any negative production that may be stated algebraically as 

x1 ≥ 0, x2 ≥ 0 

(A variable that is also allowed to assume negative values is said to be unrestricted in sign.) 

The problem can now be stated in the standard linear programming form as 

Maximize z = 50x1 + 60x2 

subject to 
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2x1 + x2 ≤ 300 
3x1 + 4x2 ≤ 509 
4x1 + 7x2 ≤ 812 

x1≥ 0, x2 ≥ 0 

This procedure is commonly referred to as the formulation of the problem. 

Ex.3: The Best Stuffing Company manufactures two types of packing tins- round & flat. Major 

production facilities involved are cutting and joining. The cutting department can process 200 round 

tins or 400 flat tins per hour. The joining department can process 400 round tins or 200 flat tins per 

hour. If the contribution towards profit for a round tin is the same as that of a flat tin, what is the 

optimal production level? 

Solution: 

Let 

x1 = number of round tins per hour 
x2 = number of flat tins per hour 

Since the contribution towards profit is identical for both the products, the objective function can be 
expressed as x1 + x2. Hence, the problem can be formulated as 

Maximize Z = x1 + x2 

subject to 

(1/200)x1 + (1/400)x2 ≤ 1 
(1/400)x1 + (1/200)x2 ≤ 1 

x1≥ 0, x2 ≥ 0 

i.e.,   2x1 + x2 ≤ 400 
         x1 + 2x2 ≤ 400 

          x1 ≥  0, x2 ≥ 0 
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LESSON 8. Graphical Method I 

2.1 INTRODUCTION 

Linear programming problems with two decision variables can be easily solved by graphical method. 
A problem of three dimensions can also be solved by this method, but their graphical solution becomes 
complicated. 

2.2 Feasible Region 

It is the collection of all feasible solutions. In the following figure, the shaded area represents the 
feasible region. 

 

2.3 Convex Set 

A region or a set R is convex, if for any two points on the set R, the segment connecting those points lies 
entirely in R. In other words, it is a collection of points such that for any two points on the set, the line 
joining the points belongs to the set. In the following figure, the line joining P and Q belongs entirely in 
R. 

 

Thus, the collection of feasible solutions in a linear programming problem form a convex set 

2.4 Graphical Method - Algorithm 

1. Formulate the mathematical model of the given linear programming problem. 

2. Treat inequalities as equalities and then draw the lines corresponding to each equation and non-
negativity restrictions. 
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3. Locate the end points (corner points) on the feasible region. 

4. Determine the value of the objective function corresponding to the end points determined in 
step 3. 

5. Find out the optimal value of the objective function. 

2.5 Redundant Constraint 

It is a constraint that does not affect the feasible region. 

Consider the linear programming problem: 

                 Maximize 1170 x1 + 1110x2 

subject to 

9x1 + 5x2≥ 500 

7x1 + 9x2 ≥ 300 

5x1 + 3x2≤ 1500 

7x1 + 9x2 ≤1900 

2x1 + 4x2 ≤ 1000 

      x1, x2 ≥ 0 

The feasible region is indicated in the following figure: 

 

The critical region has been formed by the two constraints. 

9x1 + 5x2 ≥ 500 
7x1 + 9x2 ≤ 1900 

x1, x2 ≥ 0 

The remaining three constraints are not affecting the feasible region in any manner. Such constraints 
are called redundant constraints. 
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2.6 Extreme Point 

Extreme points are referred to as vertices or corner points. In the following figure, P, Q, R and S are 
extreme points. 

 

Example 1. 

Maximize z = 18x1 + 16x2 

subject to 

15x1 + 25x2 ≤375 
24x1 + 11x2 ≤ 264 

x1, x2 ≥ 0 

Solution: 

If only x1 and no x2 is produced, the maximum value of x1 is 375/15 = 25. If only x2 and no x1 is 
produced, the maximum value of x2 is 375/25 = 15. A line drawn between these two points (25, 0) & (0, 
15), represents the constraint factor 15x1 + 25x2≤ 375. Any point which lies on or below this line will 
satisfy this inequality and the solution will be somewhere in the region bounded by it. 

Similarly, the line for the second constraint 24x1 + 11x2≤ 264 can be drawn. The polygon oabc represents 
the region of values for x1 & x2 that satisfy all the constraints. This polygon is called the solution set. 

The solution to this simple problem is exhibited graphically below. 
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The end points (corner points) of the shaded area are (0,0), (11,0), (5.7, 11.58) and (0,15). The values of 
the objective function at these points are 0, 198, 288 (approx.) and 240. Out of these four values, 288 is 
maximum. 

The optimal solution is at the extreme point b, where x1 = 5.7 & x2 = 11.58, and z = 288. 

Example 2 

Maximize z = 6x1 - 2x2 

subject to 

2x1 - x2 ≤ 2 
x1 ≤ 3 

x1, x2 ≥ 0 

Solution. 

First, we draw the line 2x1 - x2 ≤ 2, which passes through the points (1, 0) & (0, -2). Any point which lies 
on or below this line will satisfy this inequality and the solution will be somewhere in the region 
bounded by it. 

Similarly, the line for the second constraint x1 ≤ 3 is drawn. Thus, the optimal solution lies at one of the 
corner points of the dark shaded portion bounded by these straight lines. 

                                 

Optimal solution is x1 = 3, x2 = 4.2, and the maximum value of z is 9.6. 
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LESSON 9. Graphical Method II - Special Cases 

3.1. Multiple Optimal Solutions 

The linear programming problems discussed in the previous section possessed unique solutions. This 
was because the optimal value occurred at one of the extreme points (corner points). But situations may 
arise, when the optimal solution obtained is not unique. This case may arise when the line representing 
the objective function is parallel to one of the lines bounding the feasible region. The presence of 
multiple solutions is illustrated through the following example. 

Example: 

Maximize z = x1 + 2x2 

subject to 

x1 ≤ 80 
x2 ≤ 60 
5x1 + 6x2 ≤ 600 
x1 + 2x2 ≤ 160 

x1, x2 ≥ 0. 

 

In the above figure, there is no unique outer most corner cut by the objective function line. All points 
from P to Q lying on line PQ represent optimal solutions and all these will give the same optimal value 
(maximum profit) of Rs. 160. This is indicated by the fact that both the points P with co-ordinates (40, 
60) and Q with co-ordinates (60, 50) are on the line x1 + 2x2 = 160. Thus, every point on the line PQ 
maximizes the value of the objective function and the problem has multiple solutions. 
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3.2. Infeasible Problem 

In some cases, there is no feasible solution area, i.e., there are no points that satisfy all constraints of the 
problem. An infeasible LP problem with two decision variables can be identified through its graph. For 
example, let us consider the following linear programming problem. 

Minimize z = 200x1 + 300x2 

subject to 

2x1 + 3x2 ≥ 1200 
x1 + x2 ≤  400 
2x1 + 1.5x2 ≥  900 

x1, x2 ≥ 0 

 

The region located on the right of PQR includes all solutions, which satisfy the first and the third 
constraints. The region located on the left of ST includes all solutions, which satisfy the second 
constraint. Thus, the problem is infeasible because there is no set of points that satisfy all the three 
constraints. 

3.3. Unbounded Solutions 

It is a solution whose objective function is infinite. If the feasible region is unbounded then one or more 
decision variables will increase indefinitely without violating feasibility, and the value of the objective 
function can be made arbitrarily large. Consider the following model: 

Minimize z = 40x1 + 60x2 

subject to 

2x1+ x2 ≥ 70 
                               x1 + x2 ≥ 40 
                               x1 + 3x2 ≥ 90 

                               x1, x2 ≥ 0 
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The point (x1, x2) must be somewhere in the solution space as shown in the figure by shaded portion. 

The three extreme points (corner points) in the finite plane are: 
P = (90, 0); Q = (24, 22) and R = (0, 70)  The values of the objective function at these extreme points are: 
Z(P) = 3600, Z(Q) = 2280 and Z(R) = 4200. 

In this case, no maximum of the objective function exists because the region has no boundary for 
increasing values of x1 and x2. Thus, it is not possible to maximize the objective function in this case and 
the solution is unbounded. 

Note: 

Although it is possible to construct linear programming problems with unbounded solutions 
numerically, but no linear programming problem formulated from a real life situation can have 
unbounded solution. 

Limitations of Linear Programming 

 Linearity of relations: A primary requirement of linear programming is that the objective 
function and every constraint must be linear. However, in real life situations, several business 
and industrial problems are nonlinear in nature. 

 Single objective: Linear programming takes into account a single objective only, i.e., profit 
maximization or cost minimization. However, in today's dynamic business environment, there 
is no single universal objective for all organizations. 

 Certainty: Linear Programming assumes that the values of co-efficient of decision variables are 
known with certainty. 

  Due to this restrictive assumption, linear programming cannot be applied to a wide variety of 
problems where values of the coefficients are probabilistic. 

 Constant parameters: Parameters appearing in LP are assumed to be constant, but in practical 
situations it is not so. 

 Divisibility: In linear programming, the decision variables are allowed to take non-negative 
integer as well as fractional values. However, we quite often face situations where the planning 
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models contain integer valued variables. For instance, trucks in a fleet, generators in a 
powerhouse, pieces of equipment, investment alternatives and there are a myriad of other 
examples. Rounding off the solution to the nearest integer will not yield an optimal solution. In 
such cases, linear programming techniques cannot be used. 

Summary: 

This chapter initiated your study of linear models. Linear programming is a fascinating topic in 
operations research with wide applications in various problems of management, economics, finance, 
marketing, transportation and decision making pertaining to the operations of virtually any private or 
public organization. Unquestionably, linear programming techniques are among the most 
commercially successful applications of operations research. 
In this chapter, you learned how to formulate a linear programming problem, and then we discussed 
the graphical method of solving an LPP with two decision variables. 
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MODULE 5. Simplex method, degeneracy and duality in linear programming 

LESSON 10. Simplex Method 

1.1 Introduction 

Simplex method was developed by George B. Datzing in 1947 is an iterative and an efficient method for 
solving linear programming problems. It is an algebraic procedure that starts at a feasible extreme 
point of the simplex(or convex), normally the origin, and systematically moves from one feasible 
extreme point to another until an optimum(or optimal) extreme point is located. At each iteration, the 
procedure tests the one extreme (corner) point for optimality, and if not optimum, chooses another 
extreme point, of the convex set that is formed by the constraints and non-negativity conditions of the 
linear programming problem. Since the number of extreme points (i.e., corners or vertices) of the 
convex set of all feasible solutions is finite, the method leads to the optimum extreme point (i.e., 
optimum or optimal solution) in a finite number of steps or indicates that there exists an unbounded 
solution. 

1.2 Basic Definitions: 

Slack Variable: 

It is a variable that is added to the left-hand side of a less than or equal to type constraint to convert the 
constraint into an equality. In economic terms, slack variables represent left-over or unused capacity. 

Specifically: 

                  ai1x1 + ai2x2 + ai3x3 + .........+ ainxn ≤  bi 

can be written as 
              ai1x1 + ai2x2 + ai3x3 + .........+ ainxn + si = bi      
 Where i = 1, 2, ..., m 

Surplus variable: 

It is a variable subtracted from the left-hand side of a greater than or equal to type constraint to convert 
the constraint into equality. It is also known as negative slack variable. In economic terms, surplus 
variables represent over fulfillment of the requirement. 

Specifically: 
                  ai1x1 + ai2x2 + ai3x3 + .........+ ainxn ≥ bi 

can be written as 
             ai1x1 + ai2x2 + ai3x3 + .........+ ainxn - si = bi 

Where i = 1, 2, ..., m 
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Artificial variable: 

It is a non negative variable introduced to facilitate the computation of an initial basic feasible solution. 
In other words, a variable added to the left-hand side of a greater than or equal to type constraint to 
convert the constraint into equality is called an artificial variable. 

1.3 Canonical Form: 

The general formulation of L.P.P can always be put in the following form: 

Maximize z = c1x1 + c2x2 +……cnxn subject to the constraints 

ai1x1 + ai2x2 + ai3x3 + .........+ ainxn ≤ bi,      i =1,2,3,....m 

x1,x2,x3,....xn ≥ 0 

by making use of some elementary transformations. This form of L.P.P. is called the canonical form of 
L.P.P. 

1.4 Characteristic of Canonical form: 

(i) The objective function is of the maximization type 

Minimization of f(x) = -Maximization (-f(x)) 

If we have the objective function as min z then change that as min z = -Max (-z ). 

(ii) All the constraints are of the “≤ “type, except for the non-negative restriction 

If we have an inequality of ―≥‖ type, multiply both sides by -1. if the constraints is an equation say 

                     ai1x1 + ai2x2+………ainxn = bi 

write it as 

                 ai1x1 + ai2x2+………ainxn≤ bi   and 

                 ai1x1 + ai2x2+………ainxn ≥ bi  (or -ai1x1 - ai2x2-………-ainxn ≤ - bi) 

(iii) All the variables are non-negative 

If a variable is unrestricted in sign ((i.e.) positive, negative or zero) then replace that variable by 
difference between two non-negative variables. If xj is unrestricted in sign replace xj by xj = where both 
and  are both non-negative. 

 Matrix Notation of Canonical form: 

              In matrix notation the canonical form of L.P.P can be expressed as: 

                        Maximize or Minimize z = cx               (Objective Function) 
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Subject to the constraints:                (Constraints) 

                                 AX ≤ b, X ≥ 0              (Non-negative restrictions) 

 

1.5 Standard Form: 

The general formulation of L.P.P can always be put in the following form: 

Maximize z = c1x1 + c2x2 +……cnxn subject to the constraints 

ai1x1 + ai2x2 + ai3x3 + .........+ ainxn = bi,      i =1,2,3,....m 

x1,x2,x3,....xn ≥ 0 

is known as in Standard form. 

1.6 Characteristic of Standard form: 

(i) The objective function is of the maximization type. 

(ii) All the constraints are expressed in the form of equations except for the non-negative 
constraints. 

      If the constraints are of ―≤‖ type add the slack variable to the left hand side and if the constraints are 
of ―≥‖ type subtract surplus variable to the left hand side. 

(iii)  The right hand side of each constraint equation is of non-negative. 

1.7 Matrix Notation of Standard form:   

In matrix notation the Standard form of L.P.P can be expressed as: 

                        Maximize or Minimize z = cx               (Objective Function) 

       Subject to the constraints:                (Constraints) 

                                 AX = b, X ≥ 0              (Non-negative restrictions) 
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Basic Solution, Basic and Non- basic variable: 

Given a system of m linear equations with n variables (m < n). The solution obtained by setting (n – m) 
variables equal to zero and solving for the remaining m variables is called a basic solution. 

The m variables are called basic variables and they form the basic solution. The n-m variables which 
are put to zero are called as non-basic variables. 

Degenerate basic solution: 

A basic solution is said to be a degenerate basic solution if one or more of the basic variables are zero. 

Basic Feasible solution: 

A feasible solution which is also basic is called a Basic Feasible solution. 

 1.8 ALGORITHM OF SIMPLEX METHOD 

 Assuming the existence of an initial basic feasible solution, an optimal solution to any L.P.P by simplex 
method is found as follows: 

 Step 1: Check whether the objective function is to be maximized or minimized. If it is to be minimized, 
then convert it into a problem of maximization, by 

Minimize Z = -Maximize (-Z) 

Step 2: Check whether all bi‘s are positive. If any of the bi‘s is negative, multiply both sides of that 
constraint by -1 so as to make its right hand side positive. 

Step 3: By introducing slack / surplus variables, convert the inequality constraints into equations and 
express the given L.P.P into its standard form. 

Step 4: Find an initial basic feasible solution and express the above information conveniently in the 
following simplex table. 
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Step 5: Compute the net evaluations Zj –Cj (j= 1,2,3…..n) by using the relation 

Zj –Cj = CBaj- Cj 

Examine the sign of Zj –Cj 

a)     If all Zj –Cj ≥ 0 then the current basic solution XB is optimal. 

b)    If atleast  Zj –Cj < 0 then the current basic solution XB is not optimal, go to next step. 

 Step 6: (To find the entering variable) 

The entering variable is the non-basic variable corresponding to the most negative value Zj –Cj. Let it be 
xr for some j = r. The entering variable column is known at the bottom. If more than one variable has 
the same most negative Zj –Cj, any of these variables may be selected arbitrarily as the entering 
variable. 

 Step 7: (To find the leaving variable) 

Compute the ratio; 
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(i.e) the ratio between the solution column and the entering variable column by considering only the 
positive denominators. 

a)     If all air ≤ 0, then there is an unbounded solution to the given L.P.P. 

b)    If all air > 0, then the leaving variable is the basic variable corresponding to the minimum ratio θ. If, 

   

then the basic variable xk leaves the basis. The leaving variable row is called the key row or pivot 
row or pivot equation and the element at the intersection of the pivot column and pivot row is called 
the pivot element or key element or leading element. 

Step 8: 

Drop the leaving variable and introduce the entering variable along with its associated value under 
CB column. Convert the pivot element to unity by dividing the pivot equation by the pivot element and 
all other elements in its column to zero by making use of  

  New pivot equation = old pivot equation / pivot element 

  New equation (all other rows including Zj –Cj row) 

    New equation = (Corresponding element) X New pivot equation 

Step 9: Go to step 5 and repeat the procedure until either an optimum solution is obtained or there is an 
indication of an unbounded solution.  

 Example: 

Maximize z = 3x1 + 2x2 

Subject to 

-x1 + 2x2 ≤ 4 
3x1 + 2x2 ≤  14 
   x1 – x2 ≤  3 

x1, x2 ≥ 0 

Solution: 

First, convert every inequality constraints in the LPP into an equality constraint, so that the problem 
can be written in a standard from. This can be accomplished by adding a slack variable to each 
constraint. Slack variables are always added to the less than type constraints. 
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 Converting inequalities to equalities 

-x1 + 2x2 + x3 = 4 
3x1 + 2x2 + x4 = 14 
x1 – x2 + x5 = 3 
x1, x2, x3, x4, x5 ≥  0 

where x3, x4 and x5 are slack variables. 

Since slack variables represent unused resources, their contribution in the objective function is zero. 
Including these slack variables in the objective function, we get 

Maximize z = 3x1 + 2x2 + 0x3 + 0x4 + 0x5 

Initial basic feasible solution 

Now we assume that nothing can be produced. Therefore, the values of the decision variables are zero. 
x1 = 0, x2 = 0, z = 0 

When we are not producing anything, obviously we are left with unused capacity 
x3 = 4, x4 = 14, x5 = 

We note that the current solution has three variables (slack variables x3, x4 and x5) with non-zero 
solution values and two variables (decision variables x1 and x2) with zero values. Variables with non-
zero values are called basic variables. Variables with zero values are called non-basic variables. 

Iteration 1: 

     cj 3 2 0 0 0      

cB 
Basic variables 

B 
x1 x2 x3 x4 x5 

Solution 
values 
b (=XB) 

0 x3 -1 2 1 0 0 4 

0 x4 3 2 0 1 0 14 

0 x5 1 -1 0 0 1 3 

zj-cj   -3 -2 0 0 0   
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a11 = -1, a12 = 2, a13 = 1, a14 = 0, a15 = 0, b1 = 4 
a21 = 3, a22 = 2, a23 = 0, a24 = 1, a25 = 0, b2 = 14 
a31= 1, a32 = -1, a33 = 0, a34 = 0, a35 = 1, b3 = 3 

Calculating values for the index row (zj – cj) 

z1 – c1 = (0 × (-1) + 0 × 3 + 0 × 1) - 3 = -3 
z2 – c2 = (0 × 2 + 0 × 2 + 0 × (-1)) - 2 = -2 
z3 – c3 = (0 × 1 + 0 × 0 + 0× 0) - 0 = 0 
z4 – c4 = (0 × 0 + 0 × 1 + 0 × 0) - 0 = 0 
z5 – c5 = (0 × 0 + 0×0 + 0×1) – 0 = 0 

Choose the smallest negative value from zj – cj (i.e., – 3). So column under x1 is the key column. 
Now find out the minimum positive value 
Minimum (14/3, 3/1) = 3 
So row x5 is the key row. 
Here, the pivot (key) element = 1 (the value at the point of intersection). 
Therefore, x5 departs and x1 enters. 

We obtain the elements of the next table using the following rules: 

1. If the values of zj – cj are positive, the inclusion of any basic variable will not increase the 
value of the objective function. Hence, the present solution maximizes the objective 
function. If there are more than one negative values, we choose the variable as a basic 
variable corresponding to which the value of zj – cj is least (most negative) as this will 
maximize the profit. 

2. The numbers in the replacing row may be obtained by dividing the key row elements by 
the pivot element and the numbers in the other two rows may be calculated by using the 
formula: 

 

Calculating values for Iteration 2 

 x3 row 

a11 = -1 – 1 × ((-1)/1) = 0 
a12 = 2 – (-1) × ((-1)/1) = 1 
a13 = 1 – 0 × ((-1)/1) = 1 
a14 = 0 – 0 × ((-1)/1) = 0 
a15 = 0 – 1 × ((-1)/1) = 1 
b1 = 4 – 3 × ((-1)/1) = 7 

x4 row 

a21 = 3 – 1× (3/1) = 0 
a22 = 2 – (-1) × (3/1) = 5 
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a23 = 0 – 0 × (3/1) = 0 
a24 = 1 – 0 × (3/1) = 1 
a25 = 0 – 1 × (3/1) = -3 
b2 = 14 – 3 × (3/1) = 5 

x1 row 

a31 = 1/1 = 1 

a32 = -1/1 = -1 

a33 = 0/1 = 0 

a34 = 0/1 = 0 

a35 = 1/1 = 1 

b3 = 3/1 = 3 

Iteration 2: 

  cj 3 2 0 0 0   

cB Basic variables B x1 x2 x3 x4 x5 
Solution 

values 
b (= XB) 

0 x3 0 1 1 0 1 7 

0 x4 0 5 0 1 -3 5 

3 x1 1 -1 0 0 1 3 

zj-cj   0 -5 0 0 3   

  

Calculating values for the index row (zj – cj) 

z1 – c1 = (0 × 0 + 0 × 0 + 3 × 1) - 3 = 0 
z2 – c2 = (0 × 1 + 0 × 5 + 3 × (-1)) – 2 = -5 
z3 – c3 = (0 × 1 + 0 × 0 + 3 × 0) - 0 = 0 
z4 – c4 = (0 × 0 + 0 × 1 + 3 × 0) - 0 = 0 
z5 – c5 = (0 × 1 + 0 × (-3) + 3 × 1) – 0 = 3 

Key column = x2 column 
Minimum (7/1, 5/5) = 1 
Key row = x4 row 
Pivot element = 5 
x4 departs and x2 enters. 
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Calculating values for table 3 

x3 row 

a11 = 0 – 0× (1/5) = 0 
a12 = 1 – 5 × (1/5) = 0 
a13 = 1 – 0 × (1/5) = 1 
a14 = 0 – 1× (1/5) = -1/5 
a15 = 1 – (-3) × (1/5) = 8/5 
b1 = 7 – 5 × (1/5) = 6 

x2 row 

a21 = 0/5 = 0 
a22 = 5/5 = 1 
a23 = 0/5 = 0 
a24 = 1/5 
a25 = -3/5 
b2 = 5/5 = 1 

x1 row 

a31 = 1 – 0 × (-1/5) = 1 
a32 = -1 – 5× (-1/5) = 0 
a33 = 0 – 0 × (-1/5) = 0 
a34 = 0 – 1 × (-1/5) = 1/5 
a35 = 1 – (-3) × (-1/5) = 2/5 
b3 = 3 – 5 × (-1/5) = 4 

Note: Don't convert the fractions into decimals, because many fractions cancel out during the process 

while the conversion into decimals will cause unnecessary complications. 

Final iteration: 

  cj 3 2 0 0 0   

cB 
Basic variables 

B 
x1 x2 x3 x4 x5 

Solution 
values 

b (= XB) 

0 x3 0 0 1 -1/5 8/5 6 

2 x2 0 1 0 1/5 -3/5 1 
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3 x1 1 0 0 1/5 2/5 4 

zj-cj   0 0 0 1 0   

  

Result: 

Since all the values of zj – cj are positive, this is the optimal solution. 

x1 = 4, x2 = 1 
                              Max z = 3 X 4 + 2 X 1 = 14. 

The largest profit of Rs.14 is obtained, when 1 unit of x2 and 4 units of x1 are produced. The above 
solution also indicates that 6 units are still unutilized, as shown by the slack variable x3 in the 
XB column. 

Minimization Case: 

 In the previous section, the simplex method was applied to linear programming problems where the 
objective was to maximize the profit with less than or equal to type constraints. In many cases, 
however, constraints may of type ≥ or = and the objective may be minimization (e.g., cost, time, etc.). 
Thus, in such cases, simplex method must be modified to obtain an optimal policy. 

Consider the general linear programming problem 

Minimize z = c1x1 + c2x2 + c3x3 + .........+ cnxn 

subject to 

a11x1 + a12x2 + a13x3 + .........+ a1nxn ≥ b1 
a21x1 + a22x2 + a23x3 + .........+ a2nxn≥  b2 
................................................................ 
   am1x1 + am2x2 + am3x3 + .........+ amnxn≥  bm 
x1, x2,....., xn≥ 0 

Changing the sense of the optimization 

             Any linear minimization problem can be viewed as an equivalent linear maximization problem, 
and vice versa. 

Min. z = c1x1 + c2x2 + c3x3 + .........+ cnxn 

It can be written as 

Max. z = - (c1x1 + c2x2 + c3x3 + .........+ cnxn) 

Converting inequalities to equalities 
             Introducing surplus variables (negative slack variables) to convert inequalities to equalities 
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a11x1 + a12x2 + a13x3 + .........+ a1nxn - s1 = b1 
a21x1 + a22x2 + a23x3 + .........+ a2nxn - s2 = b2 

…................................................................. 
    am1x1 + am2x2 + am3x3 + .........+ amnxn - sm = bm 
x1, x2,....., xn ≥ 0 
s1, s2,....., sm ≥ 0 

An initial basic feasible solution is obtained by setting x1 = x2 =........ = xn = 0 

-s1 = b1 or s1 = -b1 
-s2 = b2 or s2 = -b2 
 .............................. 
  -sm = bm or sm = -bm 

which is not feasible because it violates the non-negativity stipulation, (i.e., s1≥  0). Therefore, we need 
artificial variables. 

After introducing artificial variables, the set of constraints can be written as 

a11x1 + a12x2 + a13x3 + .........+ a1nxn - s1 + A1 = b1 
a21x1 + a22x2 + a23x3 + .........+ a2nxn - s2 + A2 = b2 
.............................................................................. 
am1x1 + am2x2 + am3x3 + .........+ amnxn - sm + Am = bm 

x1, x2,....., xn ≥ 0 
s1, s2,....., sm ≥ 0 
A1, A2,....., Am ≥ 0 

Now, an initial basic feasible solution can be obtained by setting all the decision and surplus variables 
to zero. Thus, an initial basic feasible solution to LPP is 
       A1 = b1 , A2 = b2, ....., Am = bm 

Now to obtain an optimal solution, we must drive out the artificial variables. The two methods to solve 
linear programming problems in such cases are: 

 Two Phase method 

 Big-M- method 

LIMITATIONS OF SIMPLEX METHOD: 

 Inability to deal with multiple objectives. 

 Inability to handle problems with integer variables. 

 Solution methods to LP problems with integer or Boolean variables are still far less efficient 
than those which include continuous variables only. 
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Lesson 11 Simplex method problems 

Example: 

Maximize z = 3x1 + 2x2 

Subject to 

-x1 + 2x2 ≤ 4 
3x1 + 2x2 ≤ 14 
x1 – x2 ≤ 3 

x1, x2 ≥ 0 

Solution: 

First, convert every inequality constraints in the LPP into an equality constraint, so that the problem 
can be written in a standard from. This can be accomplished by adding a slack variable to each 
constraint. Slack variables are always added to the less than type constraints. 

Converting inequalities to equalities 

-x1 + 2x2 + x3 = 4 
  3x1 + 2x2 + x4 = 14 
x1 – x2 + x5 = 3 
x1, x2, x3, x4, x5 ≥ 0 

where x3, x4 and x5 are slack variables. 

Since slack variables represent unused resources, their contribution in the objective function is zero. 
Including these slack variables in the objective function, we get 

Maximize z = 3x1 + 2x2 + 0x3 + 0x4 + 0x5 

Initial basic feasible solution 

Now we assume that nothing can be produced. Therefore, the values of the decision variables are zero. 
x1 = 0, x2 = 0, z = 0 

When we are not producing anything, obviously we are left with unused capacity 

x3 = 4, x4 = 14, x5 = 3 

We note that the current solution has three variables (slack variables x3, x4 and x5) with non-zero 
solution values and two variables (decision variables x1 and x2) with zero values. Variables with non-
zero values are called basic variables. Variables with zero values are called non-basic variables. 
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Iteration 1: 

     cj 3 2 0 0 0      

cB 
Basic 

variables 
B 

x1 x2 x3 x4 x5 
Solution 
values 
b (=XB) 

0 x3 -1 2 1 0 0 4 

0 x4 3 2 0 1 0 14 

0 x5 1 -1 0 0 1 3 

zj-cj   -3 -2 0 0 0   

  

a11 = -1, a12 = 2, a13 = 1, a14 = 0, a15 = 0, b1 = 4 
a21 = 3, a22 = 2, a23 = 0, a24 = 1, a25 = 0, b2 = 14 
a31= 1, a32 = -1, a33 = 0, a34 = 0, a35 = 1, b3 = 3 

Calculating values for the index row (zj – cj) 

z1 – c1 = (0 x (-1) + 0 x 3 + 0 x 1) - 3 = -3 
z2 – c2 = (0 x 2 + 0 x 2 + 0 x (-1)) - 2 = -2 
z3 – c3 = (0 x 1 + 0 x 0 + 0 x 0) - 0 = 0 
z4 – c4 = (0 x 0 + 0 x 1 + 0 x 0) - 0 = 0 
z5 – c5 = (0x 0 + 0 x 0 + 0 x 1) – 0 = 0 

Choose the smallest negative value from zj – cj (i.e., – 3). So column under x1 is the key column. 
Now find out the minimum positive value 

Minimum (14/3, 3/1) = 3, 

So row x5 is the key row. 
Here, the pivot (key) element = 1 (the value at the point of intersection).Therefore, x5 departs and 
x1 enters. 

We obtain the elements of the next table using the following rules: 

1. If the values of zj – cj are positive, the inclusion of any basic variable will not increase the value 
of the objective function. Hence, the present solution maximizes the objective function. If there 
are more than one negative values, we choose the variable as a basic variable corresponding to 
which the value of zj – cj is least (most negative) as this will maximize the profit. 
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2. The numbers in the replacing row may be obtained by dividing the key row elements by the 
pivot element and the numbers in the other two rows may be calculated by using the formula: 

 

 

Calculating values for Iteration 2 

 x3 row 

a11 = -1 – 1 x ((-1)/1) = 0 
a12 = 2 – (-1) x ((-1)/1) = 1 
a13 = 1 – 0 x ((-1)/1) = 1 
a14 = 0 – 0 x ((-1)/1) = 0 
a15 = 0 – 1 x ((-1)/1) = 1 
b1 = 4 – 3 x ((-1)/1) = 7 

x4 row 

a21 = 3 – 1 x (3/1) = 0 
a22 = 2 – (-1) x (3/1) = 5 
a23 = 0 – 0 x (3/1) = 0 
a24 = 1 – 0 x (3/1) = 1 
a25 = 0 – 1 x (3/1) = -3 
b2 = 14 – 3 x (3/1) = 5 

x1 row 

a31 = 1/1 = 1 
a32 = -1/1 = -1 
a33 = 0/1 = 0 
a34 = 0/1 = 0 
a35 = 1/1 = 1 
b3 = 3/1 = 3 

Iteration 2: 

  cj 3 2 0 0 0   

cB Basic variables B x1 x2 x3 x4 x5 
Solution 

values 
b (= XB) 

0 x3 0 1 1 0 1 7 



System Engineering 

  www.AgriMoon.Com 

68 

0 x4 0 5 0 1 -3 5 

3 x1 1 -1 0 0 1 3 

zj-cj   0 -5 0 0 3   

  

Calculating values for the index row (zj – cj) 

z1 – c1 = (0 x 0 + 0 x 0 + 3 x 1) - 3 = 0 
z2 – c2 = (0 x 1 + 0 x 5 + 3 x (-1)) – 2 = -5 
z3 – c3 = (0 x 1 + 0 x 0 + 3 x 0) - 0 = 0 
z4 – c4 = (0 x 0 + 0 x 1 + 3 x 0) - 0 = 0 
z5 – c5 = (0 x 1 + 0 x (-3) + 3 x 1) – 0 = 3 

Key column = x2 column 
Minimum (7/1, 5/5) = 1 
Key row = x4 row 
Pivot element = 5 
x4 departs and x2 enters. 

Calculating values for table 3 

x3 row 

a11 = 0 – 0 x (1/5) = 0 
a12 = 1 – 5 x (1/5) = 0 
a13 = 1 – 0 x (1/5) = 1 
a14 = 0 – 1 x (1/5) = -1/5 
a15 = 1 – (-3) x (1/5) = 8/5 
b1 = 7 – 5 x (1/5) = 6 

x2 row 

a21 = 0/5 = 0 
a22 = 5/5 = 1 
a23 = 0/5 = 0 
a24 = 1/5 
a25 = -3/5 
b2 = 5/5 = 1 

x1 row 

a31 = 1 – 0 x (-1/5) = 1 
a32 = -1 – 5 x (-1/5) = 0 
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a33 = 0 – 0 x (-1/5) = 0 
a34 = 0 – 1 x (-1/5) = 1/5 
a35 = 1 – (-3) x (-1/5) = 2/5 
b3 = 3 – 5 x (-1/5) = 4 

Note: Don't convert the fractions into decimals, because many fractions cancel out during the 

process while the conversion into decimals will cause unnecessary complications. 

Final iteration: 

  cj 3 2 0 0 0   

cB 
Basic 

variables 
B 

x1 x2 x3 x4 x5 
Solution 
values 

b (= XB) 

0 x3 0 0 1 -1/5 8/5 6 

2 x2 0 1 0 1/5 -3/5 1 

3 x1 1 0 0 1/5 2/5 4 

zj-cj   0 0 0 1 0   

 
Result: 

Since all the values of zj – cj are positive, this is the optimal solution. 

x1 = 4, x2 = 1 
                              Max z = 3 X 4 + 2 X 1 = 14. 

The largest profit of Rs.14 is obtained, when 1 unit of x2 and 4 units of x1 are produced. The above 
solution also indicates that 6 units are still unutilized, as shown by the slack variable x3 in the 
XB column. 
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LESSON 12. Degeneracy 

2.1 Introduction 

The problem of obtaining a degenerate basic feasible solution in a Linear programming problem is 
known as Degeneracy. Degeneracy in an L.P.P may arise 

  At the initial stage 

 At any Subsequent iteration stage. 

In case (i) at least one basic variable is zero in the initial basic feasible solution, whereas in case (ii) at 
any iteration of the simplex method more than one vector is eligible to leave the basis, and hence the 
next simplex iteration produces a degenerate solution in which at least one basic variable is zero. This 
means that the subsequent iterations may not produce improvements in the value of the objective 
function. As a result it is possible to repeat the same sequence of simplex iterations endlessly without 
improving the solution. This concept is known as Cycling.  

As you know, the simplex algorithm starts at a corner point and moves to an adjacent corner point by 
increasing the value of a non-basic variable x‘s with a negative value in the z-row (objective function). 

Typically, the entering variable x‘s does increase in value, and the objective value z improves. But it is 
possible that that x‘s does not increase at all. It will happen when one of the RHS coefficients is 0. 

In this case, the objective value and solution does not change, but there is an exiting variable. This 
situation is called degeneracy. 

2.2 The Finiteness of the Simplex Algorithm when there is no degeneracy 

Recall that the simplex algorithm tries to increase a non-basic variable x‘s. If there is no degeneracy, 
then x‘s will be positive after the pivot, and the objective value will improve. Recall also that each 
solution produced by the simplex algorithm‘s a basic feasible solution with m basic variables, where m 
is the number of constraints. There are a finite number of ways of choosing the basic variables. (An 
upper bound is n! / (n-m)! m! , which is the number of ways of selecting m basic variables out of n.) So, 
the simplex algorithm moves from bfs to bfs. And it never repeats a bfs because the objective is 
constantly improving. This shows that the simplex method is finite, so long as there is no degeneracy. 

2.3 Procedure to avoid cycling 

A computation procedure to avoid cycling at any stage consists of the following steps 

Step 1: 
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Step 2: 

Re arrange the column vectors of A, so that the starting initial basis B is chosen by selecting the first m 
column vectors of A. Then 

                        yj = B-1 aj = ej (j = 1,2…,m) 

Step 3: 

 

If this minimum is unique for some I = k, then the vector yk leaves the basis. Otherwise go to next step. 

Step 4: 

 

If this minimum is unique for some i = k, then the vector yk leaves the basis. Otherwise go to next step. 

Step 5: 

 

If this minimum is unique for some I = k, then the vector yk leaves the basis. Otherwise continue the 
procedure until a unique minimum nonnegative replacement ratio is obtained. 

Note: 

The above procedure is applicable to any iteration. However we have to maintain the same ordering of 
the column vectors in every iteration. Any artificial vector, if included, should also not be removed at 
any stage. 
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 2.4 Degeneracy and the Simplex Algorithm 

The simplex method without degeneracy The simplex method without degeneracy 

The solution changes after each pivot. The 
objective value strictly improves after a pivot. 

The solution may stay the same after a pivot. The 
objective value may stay the same. 

The Simplex method is guaranteed to be 
finite. 

The Simplex method may cycle and be finite. But it 
becomes finite if we use the perturbation approach or 
several other approaches. 

Two different tableaus in canonical form give 
two different solutions. 

It is possible that there are two different sets of basic 
variables that give the same solution. 

  

Degeneracy is important because we want the simplex method to be finite, and the generic simplex 
method is not finite if bases are permitted to be degenerate. 

In principle, cycling can occur if there is degeneracy. In practice, cycling does not arise, but no one 
really knows why not. Perhaps it does occur, but people assume that the simplex algorithm is just 
taking too long for some other reason, and they never discover the cycling. 

 Researchers have developed several different approaches to ensure the finiteness of the simplex 
method, even if the bases can be degenerate. One such method is called the perturbation approach. The 
perturbation approach (in the form described here) is not practical, but it serves its purpose. It does 
give a way of doing simplex pivoting that is guaranteed to be finite. 
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LESSON 13. Duality in Linear Programming 

3.1 Concept of Duality 

Associated with every L.P.P is always a corresponding L.P.P called the Dual problem of the given 
L.P.P. The original (given) L.P.P is called the Primal problem. However if we state the dual problem as 
the primal one, then the other can be considered to be the dual of this primal. The two problems can 
thus be said to constitute a pair of dual problems. Moreover as will be seen very soon, the two 
problems can be derived from each other and there is a unique dual (primal) problem associated with 
the primal(dual) problem. It will turn out that while solving a L.P.P. by simplex method, we shall 
simultaneously be solving its associated dual problem as well. 

The  following table gives the amounts of two vitamins v1 and v2 per unit , present in two different 
foods f1 and f2 respectively. 

Vitamin 

Food Daily requirements 

f1   f2 
 

v1 2 4 40 

v2 3 2 50 

cost 3 2.5   

  

The last column of this table represents the number of units of the minimum daily requirements for the 
two vitamins; whereas the last row represents the cost per for the two foods. The problem is to 
determine the minimum quantities of the two foods f1 and f2 so that the minimum daily requirements of 
the two vitamins are met and that at the same time, the cost of purchasing these quantities of f1 and f2 is 
a minimum. To formulate the problem mathematically, let xj be the number of units of food fj,(j = 1,2) to 
be purchased, then the above problem is to determine two real numbers x1 and x2 so as to 

                         Minimize   z = 3x1 + 2.5 x2 
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Subject to the constraints : 

                         

Here, of course, in the construction of constraints, we have assumed that any intake of more than the 
minimum requirements is not harmful and that negative purchase levels are prohibited. We shall 
consider this L.P.P. as the primal problem. 

Now, let us consider a different problem, which is associated with above problem. Suppose there is a 
whole sale dealer who sells the two vitamins v1 and v2 along with some other commodities. The local 
shopkeepers purchase the vitamin from him and form the two foods f1 and f2 ( the details are same as in 
the given table). The dealer knows very well that the foods f1 and f2 have their market values only 
because of their vitamin contents. The problem of the dealer is to fix the maximum per unit selling 
prices, for the two vitamins v1 and v2, in such a way that the resulting prices of foods f1 and f2 do not 
exceed their existing market prices. 

To formulate the problem mathematically, let the dealer decide to fix up the two prices at w1 and 
w2 per unit, respectively. Then, the dealer‘s problem can be started mathematically has to determine to 
real numbers w1 and w2 so as to      

                           Maximize    z = 40w1 + 50w2 

 Subject to the constraints: 

                                              

Since negative price levels are prohibited. 

Let us place the matrix formulation of this L.P.P. side by with that of the primal one : 
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These two problems remarkably symmetric 

 The cost vector associated with the objective function of one is just the right hand side vector in 
the other‘s set of constraints. 

 The constraint coefficient matrix associated with one problem is simply the transpose of the 
constraint matrix associated with the other. 

However the two problems differ in one respect, that  one of the problem is a maximization problem 
while the other is a minimization problem. 

3.2 Duality theorems: 

Theorem 1: 

The dual of the dual is the primal. 

Theorem 2: (Weak Duality Theorem) 

        Let x0 be a  feasible solution to the primal problem 

              

If  w0 be a feasible solution to the dual of the primal, namely 

   

Theorem 3: (Fundamental theorem of Duality) 

If the primal or the dual has the finite optimum solution, then the other problem also possesses a finite 
optimum solution and the optimum values of the objective functions of the two problems are equal. 

Theorem 4: (Existence theorem) 

If either the primal or the dual problem has an unbounded objective function value, then the other 
problem has no feasible solution. 

3.3 Relationship between primal and dual: 

The symmetrical relationship between the primal and dual problem is summarized below (assume 
primal to be a minimization problem) 
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Primal Dual 

Minimization Maximization 

Number of variables Number of constraints 

Number of constraints Number of variables 

Less than or equal to type constraint Non negative variable 

Equal to type constraint Unrestricted variable 

Unrestricted variable Equal to type constraint 

R.H.S constant for the ith constraint Objective function coefficient for ith variable 

Objective function coefficient for jth variable R.H.S constant for the jth constarint 

Coefficient (aij) for ith variable in jth constraint Coefficient (aij) for jth variable in ith constraint 

  

Rules for Constructing the Dual from the Primal (or primal from the dual) are: 

1. If the objective of one problem is to be maximized, the objective of the other is to be minimized. 

2. The Maximization problem should have all constraints and the minimization problem has all 
constraints 

3. All primal and dual variables must be non-negative (0) 

4. The elements of right hand side of the constraints in one problem are the respective coefficients 
of the objective function in the other problem. 

5. The matrix of constraints coefficients for one problem is the transpose of the matrix of constraint 
coefficient for the other problem. 
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Lesson 14. Simplex method -Problems 

A farmer has 1,000 acres of land on which he can grow corn, wheat or soyabeans.  Each acre of corn 
costs Rs. 100 for preparation, requires 7 man-days of work and yields a profit of Rs. 30.  An acre of 
wheat costs Rs. 120 to prepare, requires 10 man-days of work and yields a profit of Rs. 40.  An acre of 
soyabeans costs Rs. 70 to prepare, requires 8 man-days of work and yields a profit of Rs. 20.  The 
farmer has Rs. 1,00,000 for preparation and 8,000 man-days of work.  Set-up the linear programming 
equation for the problem. 

The given LPP is Max Z = 30x +40y +20z 

 Subject to 

                   10x+12y+7z ≤10000 

                    7x +10y +8z ≤8000 

                      x + y +z ≤1000 

                           x,y,z ≥0 

 Step 1: Check up whether the objective function is of maximization type. Otherwise apply the equation 
Min(Z)=-Max(-Z) to convert the objective function to maximization type. 

Step 2: Convert all the inequalities(≤ type)  into equalities by introducing slack Variables. Then the 
problem becomes  

           Max Z = 30x +40y +20z+0.s1+0.s2+0.s3 

Subject to 

                   10x+12y+7z +s1 = 10000 

                    7x +10y +8z +s2 = 8000 

                    x + y +z +s3 =1000 

                    x, y, z , s1, s2, s3  ≥ 0 

Step 3: Identify a suitable initial feasible solution by putting x=y=z=0.Then s1=1000; s2=8000 and 
s3=1000 and these are the basic variables and the original variables x,y,z are non-basic variables. p 
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Step 4: Form the initial simplex table 

  30 40 20 0 0 0 

CB YB XB Y1 Y2 Y3 Y4 Y5 Y6 

0 Y4 10000 10 12 7 1 0 0 

0 Y5 8000 7 10 8 0 1 0 

0 Y6 1000 1 1 1 0 0 1 

    0 -30 -40 -20 0 0 0 

  

Step 5: Compute the value of the objection by using CBXB. Also compute all the ‗Net Evaluations‘ using 

zj-cj = CBYj – cj 

and write them in the last row. 

 Step 6: If all the net evaluations are ≥ 0, the the optimal solution is reached. In the above example, the 
net evaluations corresponding to x1,x2 and x3 are negative. So the  current solution is not optimal. 

Step 7: Identify the most negative net evaluation and the variable corresponding to it will enter the 
basis. In the above problem, the most negative net evaluation is -40 and it corresponds to the variable 
x2 (or Y2). So Y2 enters into the basis. 

  30 40 20 0 0 0   

CB YB XB Y1 Y2 Y3 Y4 Y5 Y6   

0 Y4 10000 10 12 7 1 0 0 10000/12=833… 

0 Y5 8000 7 10 8 0 1 0 8000/10=800 

0 Y6 1000 1 1 1 0 0 1 1000/1=1000 

    0 -30 -40 -20 0 0 0 →  
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                                                                                                                            ↑                                                     
←↓ 

                                                                                                            Entering variable                                   
leaving variable 

Step 8: To find the ‗leaving variable‘, select the variable for which the ratio  is a minimum (where j 
refers to the entering variable). So in the above example we have to find the minimum of the ratios 
(10000/12,8000/10,1000/1). The minimum ratio is 800 and it corresponds to the variable Y5. So 
Y5 leaves the basis. The row corresponding to Y5 is called ‗pivot row‘ and the column corresponding to 
Y2 is called ‗pivot column‘. The element at the intersection of ‗pivot row‘ and ‗pivot column‘ is known 
as ‗pivot element‘ and in the above example the pivot element is 10. 

Step9: Form the next simplex table. Dividing all the pivot row elements by the pivot element. 

  30 40 20 0 0 0   

CB YB XB Y1 Y2 Y3 Y4 Y5 Y6   

0 Y4 10000 10 12 7 1 0 0 10000/12=833… 

40 Y2 8000 7 10 8 0 1 0 8000/10=800 

0 Y6 1000 1 1 1 0 0 1 1000/1=1000 

    0 -30 -40 -20 0 0 0   

Step 10: Convert all the other elements in the pivot column to 0  as follows: 

Pivot Row:   Row 2 

800 7/10 1 8/10 0 1/10 0 

  

Row 1: 

10000 10 12 7 1 0 0 

9600 84/10 12 96/10 0 12/10 0 
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Pivot Row X 12  

                  (-) 

400 16/10 0 -26/10 1 -12/10 0 

  

Row 3:       

1000 1 1 1 0 0 1 

800 7/10 1 8/10 0 1/10 0 

  

Pivot Row X 1 

(-)      

200 3/10 0 2/10 0 -10/10 1 

  

Step 10: Form the next Simplex table:Repeat steps 7 to 9. 

  30 40 20 0 0 0   

CB YB XB Y1 Y2 Y3 Y4 Y5 Y6   

0 Y4 400 16/10 0 -26/10 1 -12/10 0 250 

40 Y2 800 7/10 1 8/10 0 1/10 0 8000/7 

0 Y6 200 3/10 0 2/10 0 -1/10 1 2000/3 

    32000 -2 0 12 0 4 0   
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                                                                                                                     ↑ 

                                                                                                     Entering variable 

Y1 enters into the basis and Y4 leaves the basis. 

  30 40 20 0 0 0 

CB YB XB Y1 Y2 Y3 Y4 Y5 Y6 

30 Y1 250 1 0 -26/16 1 -12/16 0 

40 Y2 800 7/10 1 8/10 0 1/10 0 

0 Y6 200 3/10 0 2/10 0 -1/10 1 

    32000             

  

  

Pivot Row: 

250 1 0 -26/16 0 -12/16 0 

Row: 2 

800 7/10 1 8/10 0 1/10 0 

175 7/10 0 -182/160 0 -84/160 0 

  

Pivot Row X 7/10 

(-) 

          625 0 1 31/16 0 10/16 0 

Row 3: 
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200 3/10 0 2/10 0 -1/10 1 

75 3/10 0 -78/160 0 -36/160 0 

  

  

Pivot row  X 3/10 

(-) 

125 0 0 11/16 0 20/160 1 

  

Next Simplex Table: 

  30 40 20 0 0 0   

CB YB XB Y1 Y2 Y3 Y4 Y5 Y6   

30 Y1 250 1 0 -26/16 1 -12/16 0   

40 Y2 625 0 1 31/16 0 10/16 0   

0 Y6 125 0 0 11/16 0 20/160 1   

    32500 0 0 120/16 0 40/16 0   

All the net evaluations are ≥ 0. So optimal solution is reached. So 

Optimal Area under Crop 1 = 250 acres; 

Optimal Area Under crop 2 = 625 acres 

Optimal Area Under crop 3 = 0 acres 
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Maximum Profit: 32,500 

Resource utilization 

Resource 
Crop 
1 

Crop 2 Crop 3 Total Resource Used Total Resource available Slack 

Optimal areas 250 625 0 -- -- -- 

Land 1 1 1 875 1000 125 

Capital 10 12 7 10000 10000 0 

Labour 7 10 8 8000 8000 0 
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MODULE 6. Artificial Variable techniques- Big M Method, Two phase methods 

LESSON 15. Artificial Variable Techniques- Big M Method 

1.1 INTRODUTION 

LPP in which constraints may also have ≥ and = signs after ensuring that at all b 0 i ≥ are considered in 
this section. In such cases basis of matrix cannot be obtained as an identity matrix in the starting 
simplex table, therefore we introduce a new type of variable called the artificial variable. These 
variables are fictitious and cannot have any physical meaning. The artificial variable technique is a 
device to get the starting basic feasible solution, so that simplex procedure may be adopted as usual 
until the optimal solution is obtained. To solve such LPP there are two methods. 

1. The Big M Method or Method of Penalties. 

2. The Two-phase Simplex Method. 

1.2 Big M method 

The Big-M-Method is an alternative method of solving a linear programming problem involving 
artificial variables. To solve a L.P.P by simplex method, we have to start with the initial basic feasible 
solution and construct the initial simplex table. In the previous problems we see that the slack variables 
readily provided the initial basic feasible solution. However, in some problems, the slack variables 
cannot provide the initial basic feasible solution. In these problems atleast one of the constraint is of = 
or ≥ type. ―Big-M-Method is used to solve such L.P.P. 

1.3 ALGORITHM 

The Big M-method 

The big M-method or the method of penalties consists of the following basic steps : 

Step 1: 

Express the linear programming problem in the standard form by introducing slack and/or surplus 
variables, if any. 

Step 2: 

Introduce non-negative variables to the left hand side of all the constraints of (> or = ) type. These 
variables are called artificial variables. The purpose of introducing artificial variables is just to obtain an 
initial basic feasible solution. However, addition of these artificial variables causes violation of the 
corresponding constraints. Therefore we would like to get rid of these variables and would not allow 
them to appear in the optimum simplex table. To achieve this, we assign a very large penalty ' — M ' to 
these artificial variables in the objective function, for maximization objective function. 

Step 3: 
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Solve the modified linear programming problem by simplex method. 

At any iteration of the usual simplex method there can arise any one of the following three cases : 

(a) There is no vector corresponding to some artificial variable, in the basis yb. 

In such a, case, we proceed to step 4. 

(b) There is at least one vector corresponding to some artificial variable, in the basis yB, at the zero level. 
That is, the corresponding entry in XB is zero. Also, the co-efficient of M in each net evaluation Zj- Cj(j 
= 1, 2, .... n) is non- negative. 

In such a case, the current basic feasible solution is a degenerate one. This is a case when an optimum 
solution to the given L.P.P. includes an artificial basic variable and an optimum basic feasible solution 
still exists. 

(c) At least one artificial vector is in the basis yB, but not at the zero level. That is, the corresponding 
entry in XB is non-zero. Also coefficient of M in each net evaluation Zj - Cj is non-negative, 

In this case, the given L.P.P. does not possess any feasible solution. 

Step 4: 

Application of simplex method is continued until either an optimum basic feasible solution is obtained 
or there is an indication of the existence of an unbounded solution to the given L.P.P. 

Note. While applying simplex method, whenever a vector corresponding to some artificial variable 
happens to leave the basis, we drop that vector and omit all the entries corresponding to its column 
from the simplex table. 

Example: 

Maximize z = x1 + 5x2 

Subject to 

3x1 + 4x2 ≤  6 
  x1 + 3x2 ≤ 2 

x1, x2 ≥ 0 

Solution: 

Converting inequalities to equalities 

       By introducing surplus variables, slack variables and artificial variables, the standard form of LPP 
becomes 

 Maximize x1 + 5x2 + 0x3 + 0x4 – MA1 

Subject to 
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3x1 + 4x2 + x3 = 6 
x1 + 3x2 – x4 + A1 = 2 

x1 ≥  0, x2 ≥  0, x3 ≥  0, x4 ≥ 0, A1≥  0 

where, 

x3 is a slack variable 
x4 is a surplus variable 
A1 is an artificial variable. 

 Initial basic feasible solution 

                     x1 = x2 = x4 = 0, A1 = 2, x3 = 6 

Iteration 1: 

  cj 1 5 0    0    –M   

cB Basic variables B x1 x2 x3 x4 A1 
Solution 

values 
b (= XB) 

0 x3 3 4 1 0 0 6 

–M A1 1 3 0 –1 1 2 

zj–cj   –M–1 
–3M–

5 
0 M 0   

  

Calculating values for index row (zj – cj) 

z1 – c1 = 0 × 3 + (–M) × 1 – 1 = –M – 1 
z2 – c2 = 0 × 4 + (–M) × 3 – 5 = –3M – 5 
z3 – c3 = 0 × 1 + (–M) × 0 – 0 = 0 
z4 – c4 = 0 × 0 + (–M) × (–1) – 0 = M 
z5 – c5 = 0 × 0 + (–M) × 1 – (–M) = 0 

As M is a large positive number, the coefficient of M in the zj–cj row would decide the incoming basic 
variable. 
As -3M < -M, x2 becomes a basic variable in the next iteration. 
Key column = x2 column. 
Minimum (6/4, 2/3) = 2/3 
Key row = A1 row 
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Pivot element = 3. 
A1 departs and x2 enters. 

Note: The iteration just completed, artificial variable A1 was eliminated from the basis. The new 
solution is shown in the following table. 

Iteration 2: 

  cj 1 5 0 0   

cB 
Basic variables 

B 
x1 x2 x3 x4 

Solution values 
b (= XB) 

0 x3 5/3 0 1 4/3 10/3 

5 x2 1/3 1 0 –1/3 2/3 

zj–cj   2/3 0 0 –5/3   

  

 Iteration 3: 

  cj 1 5 0 0   

cB 
Basic variables 

B 
x1 x2 x3 x4 

Solution values 
b (= XB) 

0 x4 5/4 0 3/4 1 5/2 

5 x2 3/4 1 1/4 0 3/2 

zj–cj   11/4 0 5/4 0   

  

Result: 

The optimal solution is x1 = 0, x2 = 3/2 
                          Max z = 0 + 5 x 3/2 =15/2 
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LESSON 16. Big M Method - Problems 

ARTIFICIAL  VARIABLE TECHNIQUES 

You may recall that while introducing the slack and surplus variables, we had assigned a zero cost to 
them in the objective function. Moreover, the slack variables readily provided the initial basic feasible 
solution. There are, however, many linear programming problems where slack variables cannot 
provide such a solution. To solve such linear programming problems, there are two (closely related) 
methods, viz., 

 The "big M-method" or the "method of penalties" due to A. Charnes, and 

 "two phase method" due to Dantzig, Orden and Wolfe. 

SAMPLE   PROBLEMS 

1. Use penalty (or Big  'M') method to 

       Minimize  z  = 4xi + 3x2 

      subject to the constraints : 

                            2x1+ x2  ≥ 10,   -3x1, +  2x2  ≤ 6 

                            x1 + x2 ≥ 6,   x1 ≥ 0 and x2  ≥ 0. 

 Solution. Introducing surplus (negative slack) variables x3  ≥ 0,  x5  ≥ 0 and slack variable x4  ≥ 0 in the 
constraint inequations, the problem becomes 

 Maximize  z*  =  - 4x1 - 3x2 + 0.x3 + 0.x4 + 0.x5 

subject to the constraints : 

                                    2x1 + x2 - x3 = 10,  - 3x1 + 2x2 + x4 =  6 

                                      xl + x2 – x5 =  6,  xj ≥ 0 Q(j = 1,2, 3, 4, 5) 

 Clearly, we do not have a ready basic feasible solution. The surplus variables carry negative 
coefficients (-1). We introduce two new variables A1 ≥ 0 and A2 ≥ 0 in the first and third equations 
respectively. These extraneous variables, commonly termed as artificial variables, play the same role as 
that of slack variables in providing a starting basic feasible solution. 

 We assign a very high penalty cost (say -M, M ≥ 0) to these variables in the objective function so that 
they may be driven to zero while reaching optimality. 

 Now the following initial basic feasible solution is available : 
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                                         Al = 10, x4 = 6   and A2 =  6 

 with B = (a6 , a4, a7) as the basis matrix. The cost matrix corresponding to basic feasible solution is cB = ( 
-M, 0, -M ) 

 Now, corresponding to the basic variables A1, x4 and A2. the matrix Y = B-1A and the net evaluations 
zj - cj (j = 1, 2, .... 7) are computed. The initial basic feasible solution is displayed in the following 
simplex table : 

 

We observe that the most negative zj - cj is  4 - 3M (= zl – c1). The corresponding column vector y1, 
therefore, enters the basis. Further, since min.  = 5;  the element y11 (=2) becomes the leading element 
for the first iteration 

First Iteration:   Introduce y2 and drop y7.

 

 In the above table, we omitted all entries of column vector y6, because the artificial variables Al has left 
the basis and we would not like it to re-enter in any subsequent iterations. 

Now since the most negative (zj—cj) is  z2-c2; the non-basic vector y2 enters the basis. Further, since min  
 is 2 which occurs for the  element y32 ( = 1/2), the corresponding basis vector y7 leaves the basis and 
the element  y32 becomes the leading element for the next iteration. 
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Final Iteration: Optimum Solution,

 

 It is clear from the table that all zj - cj are positive. Therefore an optimum basic feasible solution has 
been attained which is given by 

        x1= 4, x2 = 2,  maximum  z = 22. 

 2. Maximize z = 3x1, + 2x2   subject to the constraints : 

            2x1 + x2  ≤ 2,  3x1 + 4x2  ≥  12, x1, x2  ≥ 0. 

 Solution:   

Introducing slack variable x3 ≥ 0,  surplus variable x5 ≥ 0 and an artificial variable A1 ≥ 0, the 
reformulated L.P.P. can be written as : 

Maximize z  = 3x1 + 2x2 + 0.x3 + 0.x4 – MA1 

subject to the constraints : 

2x1 + x2 + x3 = 2, 

3x1 + 4x2 - x4 + A1 = 12 

x1, x2, x3, x4 ≥ 0 and A1≥ 0. 

An obvious   starting basic feasible solution is : 

x3 = 2   and   A1 = 12. 

The iterative simplex tables are : 

Initial Iteration:  Introduce y2 and drop y3. 
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Final Iteration.   No solution.

 

 Here the coefficient of M in each zj - cj is non-negative and an artificial vector appears in the basis, not 
at the zero level. Thus the given L.P.P. does not possess any feasible solution. 
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LESSON 17. Big M Method- Special Case 

1.4 Special Case: 

Unrestricted (unconstrained) Variables 

Sometimes decision variables are unrestricted in sign (positive, negative or zero). In all such cases, the 
decision variables can be expressed as the difference between two non-negative variables. For example, 
if x1 is unrestricted in sign, then Put x1 = x1' - x1'' 

Example: 

Maximize z = 2x1 + 3x2 

Subject to 

-x1 + 2x2≤  4 
 x1 + x2  ≤ 6 
  x1 + 3x2 ≤ 9 

x1, x2 are unrestricted in sign 

Solution: 

Since x1 and x2 are unrestricted in sign, we can replace them by non-negative variables x1' , x1'', x2' , x2'' . 

Put x1 = x1' - x1'' 
      x2 = x2' - x2'' 

The given problem can be written as 

Max. z = 2(x1
' - x1'') + 3(x2

' - x2'') 

Subject to 

-(x1' - x1'') + 2(x2' - x2'') ≤  4 
 (x1' - x1'') + (x2' - x2'') ≤ 6 
   (x1' - x1'') + 3(x2' - x2'') ≤ 9 

Introducing slack variables 

Max. z = 2x1
' - 2x1'' + 3x2

' - 3x2'' 

Subject to 
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  -x1' + x1'' + 2x2' - 2x2'' + x3 = 4 
     x1‘ - x1'' + x2'- x2'' + x4 = 6 
   x1' - x1'' + 3x2' - 3x2'' + x5 = 9 

where x3, x4 and x5 are slack variables 

Iteration 1: 

     cj 2 -2 3 -3 0 0 0      

cB 
Basic 

variables 
B 

x1
' x1'' x2

' x2'' x3 x4 x5 
Solution 

values 
b (=XB) 

0 x3 -1 1 2 -2 1 0 0 4 

0 x4 1 -1 1 -1 0 1 0 6 

0 x5 1 -1 3 -3 0 0 1 9 

zj-cj   -2 2 -3 3 0 0 0   

 Key column = x2' column. 
Minimum (4/2, 6/1, 9/3) = 2 
Key row = x3 row. 
Pivot element = 2 
x3 departs and x2' enters. 

Iteration 2: 

  cj 2 -2 3 -3 0 0 0   

cB 
Basic 

variables 
B 

x1
' x1'' x2

' x2'' x3 x4 x5 
Solution 

values 
b (=XB) 

3 x2' -1/2 1/2 1 -1 1/2 0 0 2 

0 x4 3/2 -3/2 0 0 -1/2 1 0 4 
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0 x5 5/2 -5/2 0 0 -3/2 0 1 3 

zj-cj   -7/2 7/2 0 0 3/2 0 0   

Iteration 3: 

  cj 2 -2 3 -3 0 0 0   

cB 
Basic variables 

B 
x1

' x1'' x2
' x2'' x3 x4 x5 

Solution 
values 
b (=XB) 

3 x2' 0 0 1 -1 1/5 0 1/5 13/5 

0 x4 0 0 0 0 2/5 1 -3/5 11/5 

2 x1' 1 -1 0 0 -3/5 0 2/5 6/5 

zj-cj   0 0 0 0 -3/5 0 7/5   

  

Iteration 4: 

  cj 2 -2 3 -3 0 0 0   

cB 
Basic variables 

B 
x1

' x1'' x2
' x2'' x3 x4 x5 

Solution 
values 
b (=XB) 

3 x2' 0 0 1 -1 0 -1/2 1/2 3/2 

0 x3 0 0 0 0 1 5/2 -3/2 11/2 

2 x1' 1 -1 0 0 0 3/2 -1/2 9/2 

zj-cj   0 0 0 0 0 3/2 1/2   
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Result: 

      The optimal solution is x1' = 9/2, x1'' = 0, x2' = 3/2, x2'' = 0. 

Solution of the original problem is 
                               x1 = x1' - x1'' = 9/2 - 0 = 9/2 
                                x2 = x2' - x2'' = 3/2 - 0 = 3/2 
                               Max z = 2 x 9/2 + 3 x 3/2 = 27/2.           
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LESSON 18. Artificial Variable Techniques- Two Phase Method 

4.1 Introduction: 

In the first phase of this method, the sum of the artificial variables is minimized subject to the given 
constraints (known as auxiliary L.P.P.) to get a basic feasible solution to the original L.P.P. Second 
phase then optimizes the original objective function starting with the basic feasible solution obtained at 
the end of Phase 1. 

ALGORITHM OF TWO PHASE METHOD 

 The iterative procedure of the algorithm may be summarizing as below: 

Step 1: 

Write the given L.P.P into its standard form and check whether there exists a starting basic feasible 
solution. 

 If there is a ready starting basic feasible solution, go to Phase 2. 

 If there does not exist a ready starting basic feasible solution, go on to the next step. 

PHASE 1 

Step 2: 

Add the artificial variable to the left side of the each equation that lacks the needed starting basic 
variables. Construct an auxiliary objective function aimed at minimizing the sum of all artificial 
variables 

Thus, the new objective is to 

Minimize z = A1 +A2 + A3 + ………. +An 

Maximize z* = - A1 - A2 - A3 -………..-An 

where Ai (i = 1,2,3…m)are the non-negative artificial variables. 

Step 3: 

Apply simplex algorithm to the specially constructed L.P.P. The following three cases arise at the least 
interaction: 

 Max z* < 0 and at least one artificial variable is present in the basis with positive value. In such 
case, the original L.P.P does not possess any feasible solution. 
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 Max z* = 0 and at least artificial variable is present in the basis at zero value. In such a case, the 
original L.P.P possess the feasible solution. In order to get basic feasible solution we may 
proceed directly to Phase 2 or else eliminate the artificial basic variable and then proceed 
to Phase 2. 

 Max z* = 0 and no artificial variable is present in the basis. In such a case, a basic feasible 
solution to the original L.P.P has been found. Go to Phase 2. 

PHASE 2 

Step 4: 

Consider the optimum basic feasible solution of Phase 1 as the starting basic feasible solution for the 
original L.P.P. Assign actual coefficients to the variables in the objective function and a value zero to 
the artificial variables that appear at zero value in the final simplex table of Phase 1. 

Apply usual simplex algorithm to the modified simplex table to get the optimum solution of the 
original problem. 

Example: 

Minimize z = -3x1 + x2 - 2x3 

Subject to 

x1 + 3x2 + x3 ≤ 5 
2x1 – x2 + x3 ≥2 
4x1 + 3x2 - 2x3 = 5 

x1, x2, x3 ≥ 0 

Solution: 

If the objective function is in minimization form, then convert it into maximization form 

Changing the sense of the optimization 

Any linear minimization problem can be viewed as an equivalent linear maximization problem, and 
vice versa. Specifically: 

                             Minimize  = Maximize 

If z is the optimal value of the left-hand expression, then -z is the optimal value of the right-hand 
expression. 

Maximize z = 3x1 – x2 + 2x3 

Subject to 

x1 + 3x2 + x3 ≤ 5 
2x1 – x2 + x3 ≥ 2 
4x1 + 3x2 - 2x3 = 5 
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Where x1, x2, x3 ≥ 0 

 Converting inequalities to equalities 

x1 + 3x2 + x3 + x4 = 5 
2x1 – x2 + x3 – x5 = 2 
4x1 + 3x2 - 2x3 = 5 

x1, x2, x3, x4, x5 ≥ 0 

Where x4 is a slack variable, x5 is a surplus variable. 
 Now, if we let x1, x2 and x3 equal to zero in the initial solution, we will have x4 = 5 and x5 = -2, which is 
not possible because a surplus variable cannot be negative. Therefore, we need artificial variables. 

x1 + 3x2 + x3 + x4 = 5 
2x1 – x2 + x3 – x5 + A1 = 2 
4x1 + 3x2 - 2x3 + A2 = 5 

x1, x2, x3, x4, x5, A1, A2 ≥ 0 

where A1 and A2 are artificial variables. 

PHASE 1 

In this phase, we remove the artificial variables and find an initial feasible solution of the original 
problem. Now the objective function can be expressed as 

Maximize 0x1 + 0x2 + 0x3 + 0x4 + 0x5 + (–A1) + (–A2) 

subject to 

x1 + 3x2 + x3 + x4 = 5 
2x1 – x2 + x3 – x5 + A1 = 2 
4x1 + 3x2 - 2x3 + A2 = 5 

x1, x2, x3, x4, x5, A1, A2 ≥ 0 

Initial basic feasible solution 

The intial basic feasible solution is obtained by setting x1 = x2 = x3 = x5 = 0. 

Then we shall have A1 = 2 , A2 = 5, x4 = 5 

 Iteration 1: 
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  cj 0 0 0 0 0 -1 -1   

cB 
Basic variables 

B 
x1 x2 x3 x4 x5 A1 A2 

Solution values 
b (= XB) 

0 x4 1 3 1 1 0 0 0 5 

-1 A1 2 -1 1 0 -1 1 0 2 

-1 A2 4 3 -2 0 0 0 1 5 

zj–cj   -6 -2 1 0 1 0 0   

 Key column = x1 column 
Minimum (5/1, 2/2, 5/4) = 1 
Key row = A1 row 
Pivot element = 2 
A1 departs and x1 enters. 

Iteration 2: 

  

  cj 0 0 0 0 0 -1   

cB 
Basic variables 

B 
x1 x2 x3 x4 x5 A2 

Solution values 
b (= XB) 

0 x4 0 7/2 1/2 1 1/2 0 4 

0 x1 1 -1/2 1/2 0 -1/2 0 1 

-1 A2 0 5 -4 0 2 1 1 

zj-cj   0 -5 4 0 -2 0   
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 A2 departs and x2 enters. 
Here, Phase 1 terminates because both the artificial variables have been removed from the basis. 

PHASE 2 

The basic feasible solution at the end of Phase 1 computation is used as the initial basic feasible solution 
of the problem. The original objective function is introduced in Phase 2 computation and the usual 
simplex procedure is used to solve the problem. 

  

Iteration 3: 

  

   cj 3 -1 2 0 0   

cB 
Basic variables 

B 
x1 x2 x3 x4 x5 

Solution values 
b (= XB) 

0 x4 0 0 33/10 1 -9/10 33/10 

3 x1 1 0 1/10 0 -3/10 11/10 

-1 x2 0 1 -4/5 0 2/5 1/5 

zj-cj   0 0 -9/10 0 -13/10   

  

Iteration 4: 

  

  cj 3 -1 2 0 0   

cB 
Basic variables 

B 
x1 x2 x3 x4 x5 

Solution values 
b (= XB) 

0 x4 0 9/4 3/2 1 0 15/4 

3 x1 1 3/4 -1/2 0 0 5/4 
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0 x5 0 5/2 -2 0 1 1/2 

zj-cj   0 13/4 -7/2 0 0   

  

Iteration 5: 

  cj 3 -1 2 0 0   

cB 
Basic variables 

B 
x1 x2 x3 x4 x5 

Solution values 
b (= XB) 

2 x3 0 3/2 1 2/3 0 5/2 

3 x1 1 3/2 0 1/3 0 5/2 

0 x5 0 11/2 0 4/3 1 11/2 

zj-cj   0 17/2 0 7/3 0   

  

Result: 

             An optimal policy is x1 = 5/2, x2 = 0, x3 = 5/2. The associated optimal value of the objective 
function is 

Max z = 3 x (5/2) – 0 + 2 x (5/2) = 25/2.  
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MODULE 7. 

LESSON 19. Introduction to Models 

A system can be represented by means of a model.  A representation of the system is called  model.  
Models is broadly categorized into two types 

1. Physical model 
2. Abstract or mathematical model 

Physical model: 

Model of a dam, aircraft, table, graph, photograph, etc are called as physical model. showcase models 
etc 

Mathematical or Abstract model:  

If a system is represented by a set of equations, then it is called abstract or mathematical model.  

 

Solution to the system: 

The solution to the systems is obtained by solving the one or more equations.  Any inference can be 
drawn about the system from the solution of the equations.  Before drawing valid inferences, the 
validity of the model is to be tested. 

Simulation: 

Simulation is an art of creating a realistic situation of the system. Simulation can be defined as the art of 
building models and the study of their properties with reference to those of the systems they represent.  
Models can be classified into 

1. Statistical models 

2. Simulation models 
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1. Statistical models:  If we develop an empirical relation between the variables ie Regression models 
without having any realistic assumption of the system, then it is called statistical or analytical models.  
These models can not be simulated or optimized.  These are also useful, but there are some limitations. 

2. Simulation models:  If we make realistic assumption on the system and then we develop a suitable 
model based on the system, the resulting model is called as a simulation model.  This can be used for 
drawing valid inferences on the system. 

Types of models: 

1. Exact model:  In this model, the different components will be exhibited as it is.  E.g. Farm 
management exhibition, exhibiting crops or animals as it is. 

2. Analog model:  Representing one for the other is called analog model.  In this case, the 
specimens can not be exhibited as it is.  Instead, some samples will be exhibited. 

3. Stochastic model:  The model which gives the chance of occurrence of the parameters of the 
model is called as stochastic model.  In stochastic models, it is also assumed to vary with time.  
But, in deterministic models, which determine the exact values, i.e. the parameter is assumed to 
be a constant for a shorter period. 

4. Static model: The model for a point of time or for a shorter period is called static model.  static 
models contain the relation between crop yield and factors of yield,crop growth and respiration 
.Such static models also regarded as a component of dynamic models. 

5. Dynamic model: grows along with time. i.e. keeps on changing from one value to another.That 
is the dynamic models changes in time where as static models represent the relations between  
the variables  which do not involve time. 

Testing Validity of Crop Models: 

As soon as a model is constructed, the validity of the model is to be tested before drawing any 
inferences or simulating the model.  If the model is developed which suits  the present set of 
observations, then only the inferences can be drawn.  Before drawing any inference from estimated 
model, one should be careful with the location, season and assumptions of construction of model.  
Keeping all these limitations, if the present experiment exist in the similar situation then the inference 
can be drawn.   For example, in the multiple linear regression model Y=a0+a1N+a2P+a3K+…, we cannot 
optimize the nutrient levels, because the assumption in this model is that crop yield increases with 
increase in the nutrient levels.  But in reality, this holds good only upto the optimum level, beyond 
which the will yield decrease. 

One must also examine the sign and size of the co-efficient in the models. For example, consider the 
response model Y= 1200 + 3 N-0.03 N2.  Normally for any response model, sign of the square term must 
be negative.  Similarly, the size of the co-efficient will be small for annual crops.  It will not be very high 
value.  If so, we will have to examine the model. 

We have to test the estimated   co-efficient of r or R2 for its significance.  We can use to test the validity 
model for chi-square goodness of fit , 
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Where Y is the observed value and Ŷ is the predicted value. 

It follows the chi-square distribution with n-1 degrees of freedom.  If the calculated chi-square value is 
less than the table value then the test is non-significant.  i.e. the observed values are in line with the 
expected values.  It can be inferred that the model is good.  If the calculated chi-square value is more 
than the table value then test is significant. i.e. the observed values are significantly different from the 
expected values.  It can be concluded that the models does not fit for the data. 

Simulation Techniques for Measuring Leaf Area: 

Leaf area refers to the area of leaf (photosynthetic area) expressed in sq. cm.  plant-1.   Leaf area can be 
accurately measured using leaf area meter of various models.  In the absence of leaf area meter, the leaf 
area can be measured using simulation models.  Before drawing any inferences, the models should be 
evaluated for their validity. 

Development of the model: 

1. Take a graph sheet and mark X and Y-axes. 

2. Keep the leaf, whose area is to be measured, on the XY quadrate and mark through the edges of 
the leaf. 

3. Remove the leaf. 

4. Draw a rectangle inscribing the leaf area.  Let l and b be the length and breadth of rectangle, 
respectively. 

5. Using the random numbers, mark points in XY quadrate. 

6. Let m be the total number of points inside the leaf area and n be the total number of points in 
the rectangle.  Leave the points outside the rectangle. 

7. The leaf area by simulation is 

 

Evaluation of the model: 

Let LAm be  the leaf area estimated be leaf area meter.  Then the error is calculated as Error =  LAm - LAs 
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The percentage error should be lower for accepting the model.  The error will be lower if we consider 
more number of points. 

Crop Growth Models: 

Normally growth models are crop growth as a function of time.  We know that crop growth is 
influenced by  Various factors like seed type, climate, soil, fertilizer application, time, etc.  To avoid the 
complexity in growth model, we consider that crop growth is a function of time alone and maintain all 
other factors at same level.  i.e. the small variation in other growth factors are assumed to be negligible.  
Therefore, the growth model is in the form of 

W = f (t) 

Where              W =  dry matter production in g plant-1 

             t   =  time in days 

  

In growth models, for annual crops the growth is measured in g plant-1 and time is measured in days. 

Data construction for growth models: 

As soon as we collect the observation for model building, we have to go through the data very carefully 
and identify extremities in observation. Mark these extreme observations and find out the reason for 
the extremities.  If the reason is not proper, we have to remove the extremities form the set of 
observations.  For construction of growth model, we have to measure the DMP in g plant-1 only and the 
growth period is measured in days for annual crops. 

The observations should be collected throughout the period or complete period of study.  For example, 
if wee want to construct a crop growth model, the observation should be collected throughout the crop 
growth.   Similarly for response functions, observations should be collected beyond the optimum level.  
The observation should be collected in the equal period.  No replication is needed for model 
construction.  The observation must be distributed throughout the period of study. More number of 
observation will increase the precision in the model construction.  The data should not be crowded 
during one period and thin in other periods.   The precision must be maintained in data collection. The 
size of observation should be taken care of.  Suppose, we collect observation at a time on a day, we 
have to maintain the time of observation throughout the study. 
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LESSON 20. Growth models 

Definition 

Model 

A model is defined as a physical representation of any natural phenomena 
eg: 1. A miniature building model. 

     2. A children cycle park depicting the traffic signals 

     3. Display of clothes on models in a show room and so on. 

There are different types of models. 

We concentrate on mathematical models.  A mathematical model is a representation of a phenomena 
by means of mathematical equations.  If the phenomena is growth, the corresponding model is called a 
growth model.  Here we are going to study the following 3 models.       

1. linear model 

2. Quadratic model 

3. Exponential model 

4.  Logistic model 

Use of growth models 

Models are useful in drawing inferences.  When a scientist looks at a growth model, he will be able to 
draw the following inferences. 

1. The exact relationship between time & growth. 

2. The quantity growth at a specified point of time. 

3. The rate of growth at each point of time. 

4. In the case of perennial crops the asymptotic behaviour can be obtained. 

5. The turning point in the growth can be estimated by so many methods.  A model can be 
estimated by so many methods.  But the best way of estimating a model is by the method of 
least squares. 
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1. Linear model 

The general form of a linear model is y=a+bx.  Here both the variables x and y are of degree 1.  In a 
linear growth model, the dependent variable is always the total dry weight which is noted by w and 
the independent variable is the time denoted by t. Hence the linear growth model is given by w = a+bt. 

2. To fit a linear model of the form  y=a+bx to the given data. 

Here a and b are the parameters (or) constants of the model.  Let (x1 , y1) (x2 , y2)…………. (xn , yn) be n 
pairs of observations.  By plotting these points on an ordinary graph sheet, we get a collection of dots 
which is called a scatter diagram.  

In a linear model, these points lie close to a straight line. Suppose y = a+bx is a linear model to be fitted 
to the given data, the expected values of y corresponding to x1, x2…xn are given by (a+bx1) , 
(a+bx2),………………… (a+bxn).  The corresponding obserbed values of y are y1 y2……yn. The 
difference between the observed value and the expected value is called a residual.  The Principles of 
least squares states that the constants occurring in the curve of best fit should be chosen such that the 
sum of  the squares of the residuals must be a minimum.  Using this for a linear model we get the 
following 2 simultaneous equations in a and b, given by 

         ∑y = na+b∑x   --------------------------- (1) 

         ∑xy = a∑x+b∑x2 -------------------------(2)                     

         where n is the no. of observations.  Equations 1 and 2 are called normal equations. Given the 
values of x and y, we can find ∑x, ∑y, ∑xy, ∑x2.    Substituting in equations (1) and (2) we get two 
simultaneous equations in the constants  a and b solving which we get the values of a and b 

x y x2 xy 

        

∑x ∑y ∑x2 ∑xy 

Note :If the linear equation is w=a+bt then the corresponding normal equations become 

                        ∑w       =  na + b∑t      ------- (1) 

                        ∑tw      = a∑t + b∑t2     --------(2)     
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There are two types of growth models (linear) 

(i) w = a+bt (with constant term) 

(ii) w = bt (without constant term) 

The graphs of the above models are given below : 

 

‗a‘ stands for the constant term which is the intercept made by the line on the w axis. When t=0, w=a ie 
‗a‘ gives the initial DMP ie. Seed weight) ; ‗b‘ stands for the slope of the line which gives the growth 
rate. 

Exponential model 

This model is of the form w=aebt where a and b are constants to be determined 
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Here RGR = b which is also known as intensive growth rate or Malthusian parameter. 

Note 

Population increases in geometric progression, whereas the food production increases in arithmetic 
progression.  In an exponential model the value of ‗a‘ is always positive whereas ‗b‘ can be positive or 
negative.  The graph of an exponential model is given below. 

 

To find the parameters ‗a‘ and ‗b‘ in the above model first we convert it into a linear form by suitable 
transformation. 

Now       w =  aebt    ----------------------(1) 

Taking logritham on both the sides we get 

            logew   =          loge(aebt) 

            logew   =          logea + logeebt 

            logw    =          logea + bt logee 

            log w   =          logea + bt 

            Y = A + bt      -------------------------(2) 

Where Y = log w 

            A = logea 
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Here equation(2) is linear in the variables Y and t and hence we can find the constants ‗A‘ and ‗b‘ using 
the normal equations. 

            ∑Y = nA + b∑t 

            ∑tY = A∑t + b∑t2 

After finding  A  by taking antilogrithams we can find the value of a       

Note 

The above model is also known as a semilog model.When the values of t and w are plotted on a 
semilog graph sheet we will get a straight line.  On the other hand if we plot the points t and w on an 
ordinary graph sheet we will get an  exponential curve. 

Logistic model : (or) Logistic curve 

         The equation of this model is given by  \[w={a \over {1 + c{e^{ - kt}}}}\] -------------------- (1) 

         Where a, c and k are constants.  The above model can be reduced to a linear form as follows : 

 

Taking logritham to the base e, 
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Now the equation (1) is reduced to the linear form given by equation (2) using this we can determine 
the constants A and B from which we can get the value of the constants c and k. 

Note : I 

Here‘ a ‗ is called the carrying capacity. Either the value of ‗a‘ is given or we assume the value of ‗a‘ 
suitably.  The other two constants ‗c‘ and ‗k‘ can be obtained by solving the linear model 2.  The normal 
equations of the model 2 are : 

                        ∑Y = nA + B∑t 

                        ∑tY – A∑t + B∑t2 

Solving these two equations we get the values of the constant A and B. 
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MODULE 8. 

LESSON 21. INTRODUCTION TO AGRICULTURAL SYSTEM 

Introduction: 

Agriculture is at the mercy of the factors like temperature, RH, monsoon rains nutrients, occurrence of 
pest and disease etc., which are again unreliable and uneven in distribution throughout the year. 
Moreover it is essential to increase the food production and productivity with increase in food demand 
due to increase in population. Due to the existence of the varied climatic scenarios, the crop growth, 
food production is constrained by various natural and artificial factors like increase in water scarcity, 
problems due to insects, pest and disease. 

The phase and pattern of distribution of rainfall, temperature, occurrence of pest and disease problems 
are coupled with the change in farm activities. Some of these behaviors are cyclic.  If the past pattern 
and the exact impact of crop associated resources are known, one can foretell the likely occurrences of 
certain crop related attributes in advances, so that the farmer can plan early to tide over the controllable 
attributes, which may likely to have serious impact on crop growth and yield. Because of the 
uncertainty and risk involved in crop production it is better for the farm scientists to familiarize with 
the advanced crop production techniques and tools, which are mainly associated with the application 
of Crop simulation Models. The simulation models approach in crop research is very essential for 
accurate planning. Using the crop growth functions one can easily estimate crop growth rate, relative 
growth rate (RGR) at various stages of the crop. More the growth performance of different varieties of 
the same crop, different nutrient treatments and irrigation treatments can also be studied more 
effectively within the help of response functions, physical optimum, economic optimum and 
constrained optimum can also be obtained which save time, energy, money etc. Using the optimum 
concept, one can use the resources more efficiently and get maximum yield. The crop simulation 
models are very popular in recent crop research studies. The crop simulation models like, crop growth 
models, weed models, irrigation models, spacing models, response models and pest simulation models 
etc., are all require the knowledge of mathematics for proper estimation, interpretation and to assess 
the suitability of the model. Moreover simulation models very much essential for agricultural 
Economics such as price models, production functions econometric models etc. In the case of 
Agriculture the factors that influence crop yield may be divided as follows, factors that limit crop 
yields such as the availability of water and nutrients, factors that determine potential yields such as 
light, temperature etc and factors that reduce yields such as weeds, pests and diseases. Crop yields 
throughout India are often severely restricted by the lack of fertilizer.  In some cases, too much fertilizer 
or organic manure is applied and when this happens both yields and crop quality are severely 
depressed.  But at the same time, application of less fertilizer causes reduction in yield as demand for 
food production is ever increasing with rapid population explosion. Hence the optimal use of scarce 
resources without further degradation, intensification, sustainability, climate changes and productivity 
are the key issues.   It is therefore, required most efficient crop management techniques and tools to 
increase food production with optimum fertilizer use. 

System approach in crop management: 

The word system is derived from a Greek word system with meaning an assemblage of objects united 
in some form of regular interactions or interdependence.  All the components are united to form a 
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system. System analysis is an intellectual tool used in the entire field to solve the complex problems. 
That is any phenomenon; either structural or functional having at least two separable components and 
some interactions between these components may be considered a system. e.g. farming system.  All the 
activities of farming will be included in the farming system. e.g. manuring, irrigation, weeding, etc. In 
agriculture the systems are mainly classified as Cropping systems, farming systems, pathosystems and 
agro ecosystems. Pathosystems may include hosts and parasite populations and their mutual 
integrations.  Similarly cropping system included the type of or sequence of crops during the particular 
period. Each component of the system can be regarded as a system.  For example, manuring in the 
farming system involves time of manuring, quantity of manuring, method of manuring etc.  Thus, any 
system can also be considered as collection of systems.  As time changes, the components of the system 
also change. A system is always identified by the function while performance. 

Types of system: 

Open system: 

 If a system receives message from outside, it is called open system.  e.g. soil system, plant growth 
system, etc.  The plant growth system receives message from outside environment like temperature, 
rainfall, etc the effect of the environment on the system and their values must be closely monitored. 

Closed system: 

If a system does not receive anything from outside, it is called closed system. e.g. glass house 
experiment In the closed  system the effect of the driving variable on the environment on the systems at 
its boundaries are in control. Hence the interactions between the state variables can be effectively 
studied in the closed system. 

Static system: 

If a system does not vary with time, then it is called a static system.  e.g. soil texture in a short period, 
farming system for a short period. Generally any system is complex in nature and most of the systems 
are time varying configuration. To analyze and get a valid information from these systems and to avoid 
complications it can be treated as static system for a shorter period. 

Dynamic system: 

If a system varies with time, then it is called dynamic system.  e.g. soil system, agricultural technology, 
Farming systems and cropping systems. In cropping systems we repeat the crop experiments in 
different seasons to study the seasonal influence on the Crop sequence. 

System Physical principles: 

Any system will follow the following physical principles on systems. 

1. Le Chatlier‘s Principle 

2. Newton‘s Third Law 

3. Lenz‘s Law 



System Engineering 

  www.AgriMoon.Com 

114 

1. Le Chatlier‘s principle : Le Chatlier‘s principle states that if a system in equilibrium is subjected to 
some external action, the system will adjust if possible to oppose the change or minimize the effect of 
the change.  For e.g. if there is an increase in fertilizer price, initially there is a resistance from all the 
people; afterwards we are trained to develop varieties that will give same yield at low level of fertilizer. 

2. Newton‘s third law : For every action, there will be an equal and opposite reaction‖. 

e.g. higher production results in lower price 

3. Lenz‘s law : Any system will receive message initially.  When it acquires sufficiently, then it opposes. 

Life cycle of a system: 

As soon as a system is introduced, it grows slowly till it attains maturity.  As soon as it attains maturity, 
it starts declining.  At the time of decaying, if we revamp the system, it will survive.  Otherwise the 
original system will die and a new system will come into existence.  For example consider a new 
technology.  As soon as it is introduced, it is popularized.  After some time, this technology becomes 
out-modeled.  If a revamping is done at this stage, it will survive, otherwise it will die and a new 
technology will be in use. 

System ratio (K) 

Let     O   be the output of the system and 

                I   be the input of the system 

Then K= O/I  is called as system ratio.  Any system will receive input and send output. 

Suppose       K = 1, 

then   O/I = 1 

i.e.       O = I.  

In this case, the system give output exactly what it receives. 

Suppose       K < 1, 

then   O/I < 1 

i.e.       O < I.  

In this case, the output is less than the input.  The system is called as a normal system. 

Suppose       K > 1, 

then   O/I > 1 

i.e.       O > I.  

In this case, the output is more than the input.  The system is called as an abnormal system. 
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LESSON 22. Linear Growth Model 

Linear Growth Model: 

The model: 

Let  W = f (t) be the growth function. 

Where W = dry matter production (g plant-1) 

t = time (days) 

Let  ∆W be the change in growth during the interval of time ∆t.  Therefore, at time t+∆t, the crop 
growth is W+∆W.  

Assumption of the model: 

In linear growth model, we make the assumption  on crop growth system that the crop will grow 
during the crop period i.e. as the day‘s increase the crop will grow. 

i.e.       ∆W  ∆t. 

Construction of the model: 

            ∆W  ∆t 

            ∆W = b. ∆t                  where b = proportionality constant 

            ∆W/ ∆t = b 

Making  ∆t  as the smallest possible value i.e. ∆t → 0 

            Lt  ∆t → 0  ∆W/ ∆t = b 

    i.e.   dW/dt = b 

            dW = b. dt 

Integrating both sides, 
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This is the linear growth model.  This is constructed based on the only assumption that ∆W  ∆t. 

The Curve: 

For linear growth model the curve will be a straight line. 

 

Meaning of the parameters: 

In case of linear crop growth model, the parameter ‗a‘ indicates the average seed weight and the 
parameter ‗b‘ indicates the crop growth rate (CGR) 

Application of the model: 

The linear growth model is used only if the curve has the tendency of giving linear trend during the 
period of investigation or study.  For example, even in response model, for a short period before the 
optimum point, the curve will be linear.  Similarly, in the crop growth model, suppose we are 
interested in one particular stage, we can assume that the trend is linear. 

We have to plot the observed data in a graph.  If the graph appears to be liner, then we have to estimate 
the linear model.  For example, in the case of growth model, eventhough entire growth period is 
sigmoidal, the growth in a growth stage or short period can be assumed to be linear.  Under these 
circumstances, we can use linear models.   

Estimation of the models: 

The linear regression between the dry matter production and time is estimated. 
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The co-efficients of the linear regression directly give the values of the parameters ‗a‘ and ‗b‘. 

Ex.1. The following observation gives the DMP of IR 20 rice (g plant-1) at different stages.  Estimate 

the linear growth model for both the treatments and compare the results. 

Time (days) 5 15 25 35 45 

DMP (g plant-1) 
T1 

0.05 0.40 2.97 21.93 162.06 

  
T2 

0.06 0.45 3.42 20.80 160.52 

  

Solution: 

The linear growth model is estimated.  The estimated model parameters are 

Parameter T1 
T2 

a -48.9055 -48.2675 

b 3.4555 3.4127 

r 0.778 0.776 

The estimated linear growth models for the treatments T1 and T2 are: 

For T1  :           Ŵ= - 48.9055 + 3.4555 t 

For T2  :           Ŵ= - 48.2675 + 3.4127 t 

Exponential Growth Model: 

The Model: 

Let  W = f (t) be the growth function. 

                        Where W = dry matter production (g plant-1) 

                                      t = time (days) 
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In the linear growth model, the only assumption is that the crop will grow during its growth period 

(i.e. we make the assumption ΔW  Δt).  But, we know that the growth of any crop in a particular 
period (say 15th day) depends on its growth upto that period (growth upto15th day).  That is, any 
change in crop growth is also directly proportional to the growth upto the period.  If we include this 
assumption also, the resulting model is known as exponential growth model. 

Assumptions of the model: 

In exponential growth model, we have the following two assumptions. 

1. Change in growth is proportional to change in time i.e. ∆W   ∆t. 

2. Change in growth is also proportional to growth upto that stage i.e. ∆W  W. 

Construction of the model: 

Combining these two assumptions, 

            ∆W  W. ∆t 

         ∆W = b. W. ∆t            where b = proportionality constant 

            ∆W/ ∆t = b.W 

Making  Δt  as the smallest possible value i.e. ∆t → 0 

            Lt  ∆t → 0  ∆W/ ∆t = b.W 

    i.e.   dW/dt = b.W 

            dw/W = b. dt 

Integrating both sides, 

 

Raising both sides to the power of e, 

elog W = ebt + c 

W = ebt. Ec 

  

                                                
 W = a ebt 
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The Curve: 

 

Biological meaning of the parameters: 

3. Substitute t=o in the model.  Then we get, 

W0 = a eb x 0 

                                          = a e0 

                                          = a 

The parameter ‗a‘ gives the growth when t=0. i.e. the average seed weight is given by the parameter ‗a‘. 

 4. Differentiating the model with respect to t, 

                        dW/dt =  a . ebt . b 

                                    = W.b 

                                b  = (dW/dt) . (1/W) 

i.e.   b = RGR 

Application of the model: 

As soon as we collect the observation, we should plot the data in a graph.  If the graph is of the type 
shown in Fig. 2, then we can use exponential growth model.  Moreover, if we know that the crop or 
situation previously and if the observation collected suits the two assumptions of the model, then we 
can use the model.  Also, if we are interested only for a period with these two assumptions alone, then 
also we can decide that the model is exponential growth model.  
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Estimation of the model: 

W = a ebt 

Taking log on both sides, 

log W = log a + bt log e 

log W = log a + bt 

This is of the form 

Y = A + B t 

where  Y = log W 

A = log a         or         a = eA 

B = b               or         b = B 

Ex. 2. The following observation gives the DMP of IR 20 paddy during its growth period.  By 

estimating  exponential growth model estimate RGR and growth rate on 30th day. 

Time (days) 5 15 25 35 45 

DMP (g plant-1) 
0.05 0.40 2.97 21.93 162.03 

The average seed weight is found to be 0.02 g. 

Solution: 

The exponential growth model is estimated by estimating the liner regression between  log W and t.  
The estimated model parameters are 

a = 0.0188                               b = 0.2017                   (r = 0.999) 

The estimated model is 

Ŵ= 0.0188 e0.2017 t 
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LESSON 23. Logistic Growth Model 

Logistic  Growth  Model: 

The Model: 

Let  W = f (t) be the growth function. 

Where W = dry matter production (g plant-1) 

t = time (days) 

In exponential growth model we have assumed on the growth system that the changes in growth is 
directly proportional to 

1. Changes in time and 

2. Growth upto the period 

If we consider the complete growth period of any species, these two assumptions will not be sufficient 
since these two assumptions are true only upto a particular period and there is a restriction.  That is, 
this will be true only upto the maximum growth.  If we include this assumption also i.e. the changes in 
growth is also directly proportional to Wm-W, where Wm is the maximum possible growth, then the 
resulting model is known as logistic growth model. 

Assumptions of the model: 

The assumptions of the logistic growth model are 

1. Change in growth is proportional to change in time i.e. ΔW  Δt. 

2. Change in growth is also proportional to growth upto that stage i.e. ΔW  W. 

3. Also, the crop will grow upto the maximum growth only i.e. ΔW  Wm-W. 

Construction of the model: 

Combining the three assumptions of the model we get 

∆W  ∆t. W. (Wm-W) 

∆W =  k. ∆t.W.(Wm-W)          where k = proportionality constant 

∆W/ ∆t = k.W.( Wm-W) 

Making  ∆t  as the smallest possible value i.e. ∆t → 0 
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            Lt  ∆t → 0  ∆W/ ∆t = k.W.( Wm-W) 

i.e.       dW/dt = k.W.( Wm-W) 

            dw/(W ( Wm-W)) = k. dt 

Integrating both sides, 

 

Raising both sides to the power of e 

 

The Curve: 

The curve will be of sigmoidal shape. 
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Meaning of the parameters: 

1.  When t = 0,  W = W0 = Seed weight 

e-bt = e0 = 1 

W0 = Wm / (1+c) 

1+c = Wm / W0 

c= (Wm / W0) – 1 

c is the ratio of maximum possible growth to the initial seed weight minus 1. 

2. When there is no restriction i.e. t = µ 

e-bt = eµ = 0 

W = Wm / 1+0 = Wm 

i.e. when there is no restriction, W= Wm 

Application of the model: 

Logistic growth model is used when the complete growth period is considered. 

Estimation of Growth Rate: 

W = Wm / (1+ c.e-bt)    

dW/dt = {(1+ c.e-bt) . 0 - Wm (c.e-bt) (-b)}/ {1+ c .e-bt}2 

   = {Wm c.b.e-bt}/ {1+ c .e-bt}2 

Estimation of the model: 

W = Wm / (1+ c.e-bt)    

W / Wm = 1+ c.e-bt 

(W/Wm)-1 =  c.e-bt 
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Taking log on both sides, 

log {(W/ Wm)-1} = log c + log e-bt 

  = log c – bt 

This is of the form 

Y = A+ Bx 

Where  Y = log {(W/ Wm)-1}              x = t 

A = log c                      or         c = eA 

B = -b                          or         b = -B 

Ex.3. Estimate logistic growth model and obtain its growth rate on 50th day for the following 
observation in TMV 7 groundnut. 

Time (days) 15 25 45 60 80 95 105 110 

DMP (g pl-1) 
3.25 5.30 13.50 25.32 36.96 42.44 45.70 47.45 

It is observed that the maximum growth in the replicated plot is 48.5 g pl-1. 

Solution: 

The linear regression between log {(W/ Wm)-1} and t is estimated.  The estimated co-efficients are 

A = 3.7200                  B = - 0.0633                (r = -0.993) 

The estimated model parameters are 

c = eA =  e3.7200 = 41.2631 

b = -B = 0.0633 

The estimated logistic growth model is 

Ŵ= 48.5 / {1 + 41.2631 e-0.0633t} 
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LESSON 24. Richard’s Growth Model 

The model: 

Richard had developed a logistic growth model for predicting the crop growth.  The general form of 
Richard‘s growth models is 

                                    W = A [ 1 ± e (t)]-1/n 

where   A = maximum growth 

(t) = growth polynomial in t 

If n is positive, we will choose 1 + e (t) and if n is negative we will choose 1 – e (t).  For crop growth, 

we choose the sign of ‗n‘ as positive and polynomial  (t) =  β - kt.  Therefore, Richard‘s growth model 
is of the form 

 

where   A = maximum growth 

β, k and n = model parameters 

If n =1, Richard‘s growth model reduces to logistic growth model.  Normally for annual crops, the 
value of ‗n‘ will be in and around one.  The mean relative growth rate is given by the formula  R = k / 
(n+1) 

The Richard’s growth curve: 

Richard‘s growth model follows sigmoidal curve.  If the value of n is 1, then the curve will be almost at 
45 degrees to X axis. 

If the value of n is more than 1, the curve tends to fall down wards and if the value of n is less than 1, 
the curve becomes more upright. 



System Engineering 

  www.AgriMoon.Com 

126 

 

Estimation of the model: 

W = A [1 + eβ - kt]-1/n 

W/A = [1 + eβ - kt]-1/n 

Raising to the power ‗-n‘ on both sides, 

(W/A)-n = 1 + eβ - kt 

(A/W)n = 1 + eβ - kt 

(A/W)n – 1 = eβ - kt 

Taking log on both sides, 

     log{(A/W)n –1} = log eβ – kt 

                                = β – kt  = β + (- k) t 

This is of the form Y = A + B x 

                        Where  Y = log {(A/W)n –1}              x = t 

A = β               or                     β = A 

B = -k              or                     k = -B 

We get the values of b and k by estimation.  To estimate the above form, we have to assume the value 
of n.  By estimating the value of R2 and χ2, we have to choose the most accurate value of n.  We should 
choose ‗n‘ such that χ2 value is minimum. 

Ex.4. The following data gives the growth of LRA cotton grown during 1997 at TNAU in two 
nutrient treatments.  Estimate Richards growth models for both the treatments and test their 
validity. 
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Time 20 40 60 80 100 120 140 160 

T1(g pl-1) 0.256 0.921 2.640 7.691 38.821 75.943 118.464 158.840 

T2(g pl-1) 0.360 0.943 2.060 7.621 32.453 65.673 105.460 140.480 

The maximum growth in T1 is 160 g pl-1 and in T2 145 g pl-1.  Choose the value of n for T1 as 1.26 and 
T2 as 1.14. 

Solution: 

The linear regression between  log {(A/W)n –1} and t is estimated and the estimated co-efficients are       

For T1             A = 10.144                  B = - 0.0847                (r = 0.987) 

For T2             A = 8.6869                  B = - 0.0708                (r = 0.994) 

The estimated model parameters are 

For T1             β = 10.144                   k = 0.0847       

For T2             β = 8.6869                   k = 0.0708 

The estimated growth models are 

For T1             Ŵ= 160 [1 + e10.144 –0.0847 t]-0.7937 

For T2             Ŵ= 145 [1 + e8.6869 – 0.0708 t]-0.8772 

Validity of the models 

Time 

(Days) 

T1 T2 

W1 Ŵ1 W2 Ŵ2 

20 0.256 0.196 0.360 0.246 

40 0.921 0.750 0.943 0.851 

60 2.640 2.865 2.060 2.923 
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80 7.691 10.752 7.621 9.810 

100 38.821 36.971 32.453 30.170 

120 75.943 93.030 65.673 72.312 

140 118.464 140.290 105.460 115.680 

160 158.840 155.917 140.480 136.501 

χ2 7.628 2.607 

  

Since the calculated χ2 values are lower than the table χ2 value, there is no significant differences 
between the predicted and observed values.  i.e. the models predict the crop growth satisfactorily and 
hence can be accepted. 

Gompertz’z Growth Model: 

The model : 

Gompertz‘s growth model is of the form 

W = A / exp[exp(a+bt)] 

Where A = maximum growth 

a and b = model parameters 

The curve: 

The curve is sigmoidal in shape 
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Estimation of growth rate: 

In Gompertz‘s growth model, the relative growth (RGR) and growth rate (GR) can be estimated  as 
below 

                          (a + bt) 

W = A / ee 

Taking log on both sides, 

                                                (a + bt) 

Log W = log A –log ee 

                 = log A – ea+bt 

Differentiating with respect to t, 

 

Estimation of the model: 

 

Taking log on both sides, 

log (A/W) = ea+bt 

Taking log again 

      log [log (A/W)] = a + bt 

This is of the form Y = a + bx 

where Y = log [log (A/W)]     and     x = t 

The co-efficients directly give the values of the parameters ‗a‘ and ‗b‘. 
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Ex.5. The following observation gives maize growth in two treatments.  T1 is herbicide spray and T2 
is hand weeding.  Using Gompertz’s growth model, discuss which of the weed management practice 
is better, by estimating the RGR and GR on 20,40 and 60th day. 

Time 10 20 30 40 50 60 80 100 120 

T1 1.74 2.69 6.40 25.81 82.34 112.39 134.26 162.10 199.88 

T2 1.79 2.76 6.31 24.97 73.98 113.43 142.12 160.41 199.85 

The maximum growth was found to be 200 g plant-1 for both treatments. 

Solution: 

The linearity between log [log (A/W)] and t were estimated. The estimated model parameters are 

For T1             a = 3.1440       b = - 0.066       (r = -0.0887) 

For T2             a = 3.1073       b = -0.0654      (r = -0.893). 

The estimated models are 

For T1             Ŵ1 = 200 / exp[exp(3.144 – 0.066t)] 

For T2             Ŵ2 = 200/ exp[exp(3.1073 – 0.0654t)] 

Validity of the models 

Time 

(Days) 

T1 T2 

W1 Ŵ1 W2 Ŵ2 

10 1.74 0.0012 1.79 0.0018 

20 2.69 0.4073 2.76 0.4737 

30 6.40 8.1303 6.31 8.6273 

40 25.81 38.2058 24.97 39.0123 
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50 82.34 85.0091 73.98 85.4966 

60 112.39 128.5246 113.43 128.5644 

80 134.26 177.7167 142.12 177.4783 

100 162.10 193.7874 160.41 193.6433 

120 199.88 198.3212 199.85 198.2611 

χ2 2554.63 1809.28 

  

The estimated RGR and GR at 20th, 40th and 60th days are 

Time 

(Days) 

T1 T2 

RGR GR RGR GR 

20 0.409 0.167 0.395 0.187 

40 0.109 4.164 0.107 4.174 

60 0.029 3.727 0.029 3.728 

  

Inference 

Since the calculated χ2 values are greater than the table χ2 value at 8 d.f., there exists significant 
difference between the predicted and observed values.  i.e. the model do not estimate the crop growth 
correctly.  Therefore, the models can not be used for this data. 

The following can be inferred from the RGR and GR values, 

 Herbicide spray (T1) registered high RGR than Hand weeding (T2) at 20. 40 and 60 days.  
Therefore T1 is better than T2. 
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 Hand weeding (T2) registered higher GR at 20 and 40 days than herbicide spray (T2) probably 
due to better control of weeds.   However at 60 days, there is no difference in GR between 
treatments. 

Gauss Growth Model: 

The Model: 

The Gauss growth model is of the form 

W = A [1 – exp(a+bt2)] 

Where A = maximum possible growth 

a and b = model parameters 

Estimation of growth rate: 

The growth rate of Gauss curve is of the form, 

GR = dW/dt = A . [- exp (a+bt2)] . 2bt 

= - 2 Abt . exp(a+bt2) 

Estimation of the model: 

W = A [1 – exp(a+bt2)] 

W/A = 1 – exp(a+bt2) 

1-W/A =  exp(a+bt2) 

Taking log on both sides, 

Log (1-W/A) = a + bt2 

i.e. Y = a + b X 

where Y = log (1-W/A)           and      X = t2 

Ex.6. The following observation gives the growth of maize in two seasons under the same 

treatment.  Test whether there is a change in growth rate between the seasons in maize growth or 

test whether the season has any influence on maize growth. 

Time 10 20 30 40 50 60 80 100 120 

W1 1.23 2.09 5.90 24.80 81.46 110.23 132.46 463.62 201.46 
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W2 1.41 2.01 5.89 22.32 74.39 101.46 124.83 148.56 182.32 

The maximum dry weight recorded was 202 g plant-1. 

Solution: 

The linearity between log (1-W/A) and t2 was estimated.  The estimated model parameters are 

For T1             a = 0.431                     b = - 0.00035               (r = -0.913) 

For T2             a = 0.0368                   b = - 0.00016               (r = -0.989) 

The estimated Gauss growth models are 

Season 1          Ŵ1 = 202 [1 – exp(0.431 – 0.00035 t2)] 

Season 2          Ŵ2 = 202 [1 – exp(0.0368 – 0.00016 t2)] 

Validity of the models 

Time 

(Days) 

Season 1 Season 2 

W1 Ŵ1 W2 Ŵ2 

10 1.23 -98.15 1.41 -4.25 

20 2.09 -68.23 2.01 5.42 

30 5.90 -24.45 5.89 20.53 

40 24.80 24.45 22.32 39.76 

50 81.46 72.42 74.39 61.52 

60 110.23 113.83 101.46 84.19 

80 132.46 168.91 124.83 126.73 

100 163.32 192.61 148.56 159.69 
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120 201.46 199.99 182.32 181.07 

  

The estimated growth rates are 

Time 10 20 30 40 50 60 80 100 120 

GRW1 
2.10 3.78 4.76 4.97 4.53 3.70 1.85 0.66 0.17 

GRW2 0.66 1.26 1.74 2.08 2.25 2.26 1.93 1.35 0.80 

  

Inference 

The growth rates are higher in season 1 at all stage of growth than in season 2.  Therefore, it can be 
concluded that season has an influence on growth rate of maize.  The estimated growth at 10, 20 and 30 
days are negative.  Since, in biological systems, the growth can not be negative, the models do not 
estimate the growth properly.  Therefore, the models can not be accepted for predicting maize growth. 
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MODULE 9. Cost analysis 

LESSON 25. Cost Analysis: Cost of Operation / Production 

Cost analysis -  introduction  - capital  and sources -  interest and present value concepts - cost of 
operation / production - fixed cost – interest,   taxes and insurance,   depreciation - variable costs – 
methods of determination of depreciation -  straight line method,  declining  balance method,   sum-of-
years digits and  straight line method. 

 1. Introduction 

Engineers are often required to make cost analysis and make decisions on use of capital in their 
operations. These analyses and decisions are concerned with how best to allocate the limited funds 
available to facilities and equipment so as to achieve the objectives. 

In some cases, the capital allocation decisions involve the trade-off between labourers and equipment.  
Labour costs are usually regarded as operating costs of a variable nature, whereas facilities and 
equipment are classified as ―fixed.‖ In these sense, the capital allocation decisions have an extended 
impact on the organization, for the fixed costs are charged off against income over several years in the 
future. 

Cost Analysis: Cost of Operation / Production  

 2. Capital and Sources 

Capital is a resource of funds owned or used by an organization. Owing to its limited availability, the 
use of funds is usually carefully planned and controlled. A financial plan which shows the sources and 
allocations of funds for a given period in the future is called a capital budget. An organization may 
obtain funds from either or both of two major sources. 

Equity and debt are considered as the important external sources. Equity capital comes from the funds 
paid in for capital stock ownership. Debt capital constitutes the funds borrowed through bonds, notes 
and other liabilities. Internally, an organization may increase its available funds by retaining earnings 
from profits generated in the past. In profit-making organizations, some profits are typically 
distributed to stockholders, but those retained earnings not paid out as dividends become available for 
capital budgeting. 

 3. Interest and Present Value Concepts 

Interest is the cost of money, or the rental rate for funds. This cost is determined by the availability of 
capital funds in the economy, the alternative opportunities investors enjoy to use those funds, and the 
risk of loss the lenders must take. Funds used in very safe investments involve little risk of loss and can 
usually be obtained at a more moderate cost. Funds used in more speculative ventures typically offer a 
greater potential earning power, but the borrower must compensate the lender for the greater risk of 
loss by paying a higher rate of interest. Thus the risk, along with economic conditions in general, helps 
establish a basic interest rate. 
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Given the interest rate, the total amount of interest charged to a borrower is then proportional to the 
principal amount borrowed and the length of time until repayment. 

             Interest = (Principal)× (Rate of interest)× (Time) 

                       I = p i n 

where, 

I = interest, Rs. 

p = principal amount borrowed, Rs. 

i = rate of interest, decimals 

n = length of time of repayment, years 

 The total amount due at the end of a time period consists of the principal amount borrowed plus the 
interest on that principal. 

 Let, 

P = present value amount of the principal 

i = interest rate, and 

F = future sum due 

Thus  we have for one time period: 

             F1 = P + P (i) = P(1 + i) 

The total amount due at the end of two time periods consists of the amount due at the end of the first 
period, P(1 + i), plus interest on that amount for the second period: 

             F2 = P(1+i)+ P(1+i) i = P(1+ i) (1+i) 

             F2 = P(1+i)2 

 Similarly, at the end of three years: 

             F3 = P(1+i)3 

 And for n years, the future sum (F) is: 

             F = P(1+i)n 

 4. Cost of Operation / Production 
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The total cost of operation or cost of production is the sum of fixed cost and variable cost. The fixed cost 
includes those costs which are incurred irrespective of the duration of operation and capacity of 
production.  The following are the expenditures include under the fixed cost. 

1. Interest on the borrowed capital 

2. Interest on the capital invested for land, building, shelter, plant and machinery 

3. Interest on the working capital 

4. Depreciation on the assets 

5. Taxes and insurance 

 The costs or expenditure incurred that varies with the duration of operation or production level is 
called the variable cost. Commonly they include, 

1. Salary and wages 

2. Fuel and electricity 

3. Expenditure on repairs, maintenance and  spares 

4. Cost of ingredients, packaging materials, etc in case on production 

5. Communication expenditure – like telephone charges, email, fax, etc. 

6. Stationery and printing 

 4.1. Fixed cost 

1. Interest: The actual interest paid for the borrowed capital, capital invested for land, building, 
shelter, plant and  machinery and working capital or the prevailing rate of interest is taken for 
the calculation purposes. 

2. Taxes and insurance: The various taxes paid to the local bodies, like wealth tax, water tax, road 
tax, employment tax and various deposits remitted are taken on actual basis. 

3. Depreciation on the assets : Depreciation is a charge that reflects the decrease in value of an 
asset over time. Since most fixed assets have a limited useful life, their cost should be charged 
off gradually against the income they help produce during that useful life. No cash flows out of 
the organization when this accounting entry is made, but the use of any given asset must be 
reflected as an expense of doing business 

4.2. Depreciation 

Depreciation is an expense that must be deduced from the gross operating income of an organization. 
Depreciation is sometimes referred to as a source of funds, but it is actually no more of a source than 
are any other funds in the organization. 

Depreciation is determined by the following methods. 
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a. Straight line method 

b. Declining  balance method 

c. Sum-of-years digits 

d. Straight line method 

4.2.1.Straight line method 

Under straight-line depreciation the book value of an asset decreases at a constant rate over the life of 
the asset. If   P  represents the original investment value, S represents salvage, and n is the number of 
years of life, the depreciation is: 

      Straight-line depreciation, 

      D = (Investment – salvage) / life 

         = (P –S) / n 

This method is very simple and the calculation is direct. 

 4.2.2. Declining  balance method 

Under declining-balance depreciation a fixed percentage of the book value of the asset is deducted each 
period (for example, each year) and the book value decreases at a decreasing rate. This accelerated 
depreciation method results in a most rapid decline in value in the early stages of an asset‘s life. The  
percentage of depreciation allowed varies from 5 to 25%. 

 4.2.3. Sum-of-years digits method 

Under the sum-of-years digits depreciation, the digits representing each year of life of the asset are 
summed and this total serves as the denominator of a fraction which is multiplied by the value. The 
numerator varies each period, beginning with the largest-year digit down to the smallest. Thus for the 
first year: 

                       Sum-of-years depreciation = n/Σn (I-S) 

For the second year, the numerator is n-1 

The sum-of-years digits is an accelerated depreciation method and the asset value decreases at a 
decreasing rate. It does not yield as rapid a depreciation schedule as the declining-balance method, 
however. 

 4.3. Example 

1. Determine the cost of operation of a 35 hp tractor and cost of ploughing a hectare using a 3 bottom 
plough of 30 cm width, for the following details. 

1. Cost of the tractor                   -  Rs.4,50,000 
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2. Cost of the plough                  -  Rs.15,000 

3. Fuel consumption of tractor    - 7 litres per hour 

4. Ploughing speed                    - 4.5 km per hour. 

 Make necessary assumptions, wherever required. 

 Solution: 

 Assumptions: 

1. Life of tractor , Lt = 10 years (10000 h) 

2. Life of implement, Li = 10 years (3000 h) 

3. Interest rate, I  = 12% 

4. Depreciation, D = 10% 

5. Repair and maintenance, R = 10% of initial cost 

6. Fuel cost , F = 52 per litre of diesel 

7. Lubricants , L = 10% of fuel cost 

8. Wages/Salary for operator, W = Rs.500 per day of  8 h 

9. Housing, tax & insurance, H = 5% of the initial cost per year  

10. Scrap value, S =  10% of initial cost 

Cost of tractor, Ct =  Rs.4,50,000 

Cost of Plough, Cp = Rs.15,0000 

Fuel Consumption rate,  Fr = 7 l/h 

Speed of plugging, v   = 4.5 km/h 

Width of plough, w   = 30 cm = 0.3 m 

No. of bottoms, n   = 3 

1. Cost of operation for tractor: 
A. Fixed cost 

A1. Depreciation: 
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     A2. Interest: 

  

     A3. Repairs and maintenance: 

  

 A4. Housing, tax and interest: 

  

A= A1+A2+A3+A4 

   = 40.5+ 54 + 45 + 22.5 

   = Rs.162 per hour. 

 



System Engineering 

  www.AgriMoon.Com 

141 

B. Variable Cost 

B1. Cost of fuel: 

                                          

B2. Lubricants cost 

    

B3. Wages to the operator 

                    

Total Variable cost, B = B1 + B2 + B3 = 364 + 36.4 + 62.5 = Rs. 462.9 per hour 

Total cost of operation of tractor per hour = A+B 

                                                               = Rs. 162 + 462.90 

                                                               = Rs. 624.9  per hour 

2. Cost of Ploughing: 

A. Fixed Cost 

A1.Depreciation: 
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 A2. Interest: 

                         

A3. Repairs and Maintenance:  

 

 A4. Housing and Tax: 

 

Total Fixed Cost, A = A1 + A2 + A3 + A4 

                                     = 0.22 + 6 + 5 +2.5 

                               = Rs.13.72 per hour 
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B. Variable Cost 

Since the plough is operated along with the tractor, the variable cost for the tractor will be applicable 
for the tractor and plough. 

 Total cost of operating plough  per hour       =  Rs.13.72 per hour  
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LESSON 26. Investment Analysis 

Cost analysis -  investment analysis  - methods of investment analysis - break – even analysis,  pay back 
period method, average rate of return method, discounted cash flow methods, net present value 
method,  internal rate of return method, discounted payback period method 

 1. Introduction  

Investment decisions are important for the firm as they affect its wealth, influence its size, set the pace 
and direction of its growth and determine its business risk. Thus investment decisions involve the most 
efficient investment of the funds in long term activities in anticipation of the expected flow of future 
benefits over a period of number of years. The future benefits are measured in terms of cash flows. In 
the investment decisions it is the flow of cash – out flow and inflow – and not the accrued earnings 
which is important. If the investment proposals are profitable, the firms wealth will increase, otherwise 
it will decrease.  Every firm would, therefore, like to undertake investment analysis which involves the 
consideration of investment proposals, estimation of cash flows for the proposals, evaluation of cash 
flows, selection of projects based on some criterion and finally the continuous revaluation of these 
projects. 

The most widely used methods of evaluating an investment proposal are 

1. Break – even analysis  

2. Pay back period method 

3.Average rate of return method 

4. Discounted cash flow methods 

1. Net Present Value Method 

2. Internal Rate of Return Method 

5.Discounted pay back period method 

2. Break–Even Analysis 

The break-even analysis is also known as cost-volume profit (CVP) analysis. The break-even analysis 
provides a relationship between revenues and costs with respect to volume (quantity) of sales or 
production. It represents the level of sales at which costs and revenues are in equilibrium; the 
equilibrium point being known as the break-even point (BEP). At the break-even point, total revenue is 
equal to the total costs, indicating  no-profit or no-loss point. 

 2.1. Assumptions in break-even analysis 

            The break-even analysis is based on the following assumptions:  

1. The total cost can be separated into fixed and variable costs. 
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2. The total fixed cost remains unchanged with changes in sales volume. 

3. The variable cost per unit is constant and the total variable cost is proportional to the 
sales volume. 

4. The selling price per unit is constant i.e., it does not change with volume. 

5. The orgnaisation manufactures only one product or if there are multiple products, the 
sales mix does not change. 

 Two following two methods are used to determine the break-even point:  

1. Formula method 

2. The chart method 

 2.2. Formula method 

            The break-even point can be computed based on units, or in terms of money value of sales 
volume and  as percentage of estimated capacity. 

 2.2.1. Based on  unit 

For an organisation with single-product, the break-even point in terms of units will be reached when 
the total earned revenue becomes equal to the total costs. 

 Let, 

s :   The unit selling price, 

v :  The variable cost per unit, 

F : The fixed costs, and 

QB : The break-even point (units) 

Then 

Total revenue, R  = QB . s           .........(1) 

Total costs, C     = F + QB . v     .......... (2) 

             Therefore, at break-even point, 

                        QB .s = F + QB .v                    .......... (3) 

                         Or     

QB  =  F/(s-v)                          ............(4) 

 Or                                                             
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Fixed Costs 

 

 2.2.2. In money value 

The break-even point for a single-product organisation can also be expressesed based on  rupee value 
of sales volume. If both sides of equation (4) are multiplied by the unit selling price, s we get the break-
even point, RB  in terms of rupees. Thus 

                   RB = QB . s =  Fs / (s-v)          ................... (5) 

or       

Break-even point (rupees) = RB  =  F/ [1- (v/s)]                       (6) 

As both the variable costs and sales revenue vary in direct proportion to sales volume, the above 
equation (6) can also be used for a multi-product organisation. For such organisatios,  

                                                                        Fixed costs 

Break-even point (rupees) = -------------------------------------------------------- 

                                                1 – (Total variable costs / Total sales revenue) 

 2.2.3. Based on percentage of capacity 

 The break-even point as a percentage of capacity is obtained by dividing the break-even sales by the 
total estimated sales or capacity sales. Thus 

 

2.3. The chart approach 

The break-even chart (Fig.1) represents a pictorial view of the relationships among costs, volume and 
profit. In this chart the break-even point is the point  at which the total cost line and the total sales line 
intersect. The break-even chart is constructed as given below. 

1. Represent the sales revenue along the horizontal axis. The sales revenue may be 
expressed in terms of units, rupees or as a percentage of capacity.  

2. Represent the revenue, fixed and variable costs along the vertical axis. A similar vertical 
line may be drawn on the right of the chart to complete the square.  
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3. Draw the fixed cost line parallel to the horizontal axis through the fixed cost point.  

4. Draw the total sales line and the total cost line. The point at which they intersect is the 
break-even point. The angle between these lines is called the angle of incidence. Larger 
this angle, lower the break-even point and vice-versa. The area to the left of this point is 
the loss area and represents the unrecovered fixed costs, while the area to its right is the 
profit area. 

 

The excess of actual or budgeted sales over the break-even sales is called margin of safety. The margin 
of safety ratio is expressed as, 

               Margin of safety  ratio=   (Budgeted sales – Break even  sales) / Budgeted sales 

 The margin of safety indicates the extent to which sales may fall before a firm suffers a loss. Larger the 
margin of safety, safer the firm. 

 2.4. Utility of break-even analysis 

 Break-even analysis is the most useful technique of profit planning and control. It is a device to explain 
the relationship between cost, volume and profits. The utility of the break-even analysis lies in the 
following advantages it has:  

1. It is a simple device to understand complicated accounting data.  
2. It is a simple diagnostic tool. It indicates the management,  the causes of increasing break-even 

point and falling profits  to take appropriate actionn.  
3. It provides basic information for further profit improvement studies and is a useful starting 

point for detailed investigations.  
4. It is an useful method for considering the risk implications of alternative actions. From while 

another alternative may produce comparatively. Lower profit but may also entail a lower break-
even point. In taking a decision, the firm should not only consider the profits expected from the 



System Engineering 

  www.AgriMoon.Com 

148 

alternative but also the probability of reaching the break-even point is higher should be 
preferred. 

2.5. Limitations of break-even analysis  

1. It may be difficult to separate costs into fixed and variable components. 

2. The total fixed cost may not remain unchanged over the entire volume range. 

3. The unit selling price and unit variable cost may not remain constant. 

4. It is difficult to use for a multi-product firm. 

5. It is a short-term concept and has limited use in long-term planning. 

6. It is a static tool and shows the relationship among costs, volume and profits of an organisation 
at a given point of time only. 

3. Payback Period Method 

 Payback period is the most popular method of evaluating investment proposals. It is defined as the 
number of years required to recover the cash invested in a project. If the annual cash inflows are same, 
the payback period is computed by dividing cash invested by the annual cash inflow; if unequal, it is 
calculated by adding up the cash inflows until the total is equal to the initial cash invested. 

If the payback period calculated for a project is less than the maximum payback period set  by the 
management, the project is accepted; if not, it is rejected. By  ranking method it gives the highest 
ranking to the project that has the shortest payback period and lowest ranking to the project with the 
highest payback period. 

 The merits of this method are: 

1. It is simple to understand and easy to calculate. 

2. It is less costly than the other evaluation techniques. Demerits: 

3. The cash inflows that accrue after the payback period is not accounted. 

4. It fails to consider the magnitude and timing. 

4. Average (Accounting) Rate of Return Method 

The accounting rate of return (ARR) is found by dividing the average annual net income (after taxes 
and depreciation) by the average cash outlay i.e., average book value after depreciation. The 
accounting rate of return is thus an average rate and can be determined by the following equation: 

 Average income 

ARR    =  ---------------------------------- 

                     Average investment 
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             A variation of ARR method is to divide the average earnings after taxes by the original cost of 
the project instead of average cost. 

This method accepts all those projects whose ARR value is higher than the minimum rate established 
by the management and rejects those whose ARR value is lower. It also ranks the project as number 
one if it has highest ARR and lowest rank would be assigned to the project with lowest ARR. 

 The merits of this method are:  

1. It is very simple to understand and use. 

2. It can be easily calculated using the accounting data. 

3. It uses the entire stream of incomes in calculating the accounting rate 

 The demerits of this method are:  

1. It uses accounting profits and not cash flows in comparing the projects. 

2. It ignores the time value of money. Profits accruing in different periods are valued equally. 

3. It does not allow for the fact the profits can be reinvested. 

5. Time – Adjusted 0r Discounted Cash Flow (DCF) Methods 

 The above methods discussed suffer from drawback that they fail to recognize the time value of money 
in evaluating the investment worth of the projects. 

Methods that fully recognise the time value of money are called time-adjusted or discounted cash flow 
or present value methods. They are  

1. Net present value method 
2. Internal rate of return method  

5.1. Net present value (NPV) method  

This method fully recognises the time value of money. It correctly postulates that cash flows arising at 
different time periods differ in values and are comparable only when their equivalents-present values-
are found out. It involves the following steps.  

1. Select an appropriate rate of interest to discount cash flows. Generally this rate is the firm‘s cost 
of capital which equals the minimum rate of return expected by the investor. 

2. Compute present value of cash inflows and outflows using the cost of capital as the discount 
rate. If all cash outflows are made in the initial year, then their present value will be equal to the 
cash actually spent. 

3. Find out the present value by subtracting the present value of cash outflows from the present 
value of cash inflows. 
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4. Accept the investment project if its net present value is positive or zero and reject it if its net 
present value is negative.  

The equation for NPV, assuming that all cash outflows are made in the initial year to can be written as 

 

                    n         At 

              =  Σ   ------------ - C                                                                                        (8) 

                 t =1      (1 + k)1 

 where A1, A2, ........ An  represent the cash inflows, k is the firm‘s cost of capital, C is the outlay and n is 
the expected life of the proposal. 

 The merits of this method are:   

1. It recognises the time value of money. 

2. It considers all cash flows over the entire life of the project. 

3. It aims at maximizing the welfare of the owners of the organization. 

The demerits of this method are:  

1. It is difficult to use. 

2. It assumes that the discount rate – which is usually the firm‘s cost of capital – is known; 
but the cost of capital is difficult to understand and measure. 

3. It may not give satisfactory answer when projects involving different amount of 
investment are compared. The project with higher NPV may not be desirable if it also 
requires a large investment. 

 5.2. Internal rate of return (IRR) method 

The internal rate of return is the rate that equals the present value of cash inflows with the present 
value of cash outflows of an investment. Thus it is the rate at which the net present value of the 
investment is zero. It can be determined from the following equation: 

  

                        A1                   A2                                            An                 n       At 
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            C =  ----------- +  ----------  + …….+   ------------   =  Σ  ---------                       (9) 

                      1 +  r            (1+r)2                       (1+r)n              t =1  (1 + r)t 

  n        At 

or         Σ  ---------  -  C  =  0                                                                                        (10) 

                  t =1  (1 + r)t 

It may be seen that the IRR formula is the same as used for the NPV method with the difference that in 
the NPV method the required rate of interest (cost of capital), k is known and the NPV is to be found 
out, while in the IRR method the value of r is to be determined at which the NPV is zero. The value of r 
in the IRR method the value of r is to be determined by trial and error method. Some value of the rate 
of return is chosen and NPV of cash inflows is calculated. If this value is lower than the present value 
of cash outflows, a lower rate is tried; if this value is higher than the present value of cash outflows, a 
higher rate is tried. The process is repeated until the net present value becomes zero.  

According to IRR method, a project is accepted if its internal rate of return is higher than or equal to the 
minimum required rate of return (i.e., r ≥ k); and the project is to be rejected if r < k. 

 Merits:  

1. Like the NPV method, it considers the time value of money. 

2. It considers cash flows over the entire life of the project. 

3. It has psychological appeal to the users. 

Demerits:  

1. It is difficult to understand and use in practice. 

2. It may yield results inconsistent with the NPV method if the projects differ in their 
expected lives or cash outlays or timing of cash flows. 

3. It may not give unique answers in all situations. 

6. Discounted Payback Period Method 

 The payback period is defined as the number of years required to recover the original cash investment 
in a project. In case of the discounted payback period, we consider the discounted present values of 
future cash inflows and determine the number of years required to recover the initial investment. If 
discounted payback period is less than the desired payback period, the project is accepted, otherwise it 
is rejected. 

 7. Investment Decisions 

 Investment decisions are taken on the time value of money and principles of equivalence. The money 
inflows and outflows at various points should not be added as such but should be reduced to a 
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common point and added. For performing certain operations may be many methods available and are 
considered as equivalent methods. Among these methods, it is decided to choose based on the time 
value of money. It may be an equipment/ machinery for doing the given job. When number of such 
equipment or machinery are available the suitable one is selected based on the analysis of time value of 
money.   The following steps are involved in making the investment decision.   

i.  identification of alternative 

ii. get the cash flow 

iii. taking the decision based on the time value of money following any of the following methods  

a. equivqlent annual cost 

b. present worth 

c. internal rate of return 

 Let P be the present worth of an investment and over a period of n it yields to F, further worth, if it is 
the compound interest. For the given P or F, the equivalent considerable worth is A. These 
terms, A, F and P are connected through the following relations for taking investment decisions.  

 If P is the sum at time 0 and F is the value after n years,  

 the value of P at end of 1st year,        F1 = P+Pi  = P(1+i) 

                                      2nd year,        F2 = P(1+i) (1+i) = P(1+i)2 

                                      nth year ,       Fn = P(1+i)n  =  F 

                                                      

F = P (1+i)n                                                    (11) 

P = F (1/1+i)n                                                 (12) 

(1+i)n is called single payment compound amount factor, (F/P, i, n) 

(1/1+i)n  is called single payment present worth factor (P/F, i, n) 

 If A  is the amount paid every year for a period of n years @ i, at the end of n years, the value will be, 

              F = A [1+(1+i) +(1+i)2 + ………….+ (1+i)n-1]                              (13) 

 where the amount paid during 0,1,2,…periods will earn interest for  n, n-1, n-2,… years. 

 Multiplying both the sides by,  (1+i) 

 F(1+i)  = A [(1+i) +(1+i)2 + (1+i)3 ………….+ (1+i)n]                            (14) 

 (14) – (13), 
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   -F + iF + F = A [-1 + (1+i)n] 

            

                  F = A [(1+i)n-1/i]                                                                    (15) 

  

                  A = F [i/(1+i)n-1]                                                                    (16) 

[(1+i)n-1/i] is called uniform series compound amount factor (F/A). 

[i/(1+i)n-1] is called sinking fund factor (A/F). 

 substituting  (1) in (16), 

 A = P(1+i)n [i/(1+i)n-1]    

                  A = P [i(1+i)n / (1+i)n-1]                                                         (17)  

                  P = [(1+i)n-1/ i(1+i)n]                                                             (18)      

  

[i(1+i)n / (1+i)n-1] is called  capital recovery factor (A/P). 

[(1+i)n-1/ i(1+i)n] is called uniform series present worth factor (P/A). 

A packaging operation in a food industry was performed using manual labour which involves 
Rs.50,000 per year as wages. The same can be performed by employing a packaging machine which 
costs Rs.1,00,000/- and requires one labour only. The expenditure towards electricity and spares 
repaired and labour charges are Rs.5000, Rs.10,000 and Rs.10,000 respectively. Suggest the industry 
whether to go for packaging machine. The life of the machine is 10 years and the scrap value is 10% of 
interest  rate is 12%. 

 Equivalent Annual Cost Method 

  

Plan A (Manual method):  

Annual expenditure on labour,  AL   = Rs. 50,000 

Equivalent annual cost,               AA  = Rs. 50,000 

  

Plan B (Using the packaging machine)  

Investment for packaging machine at 0 time, P = Rs. 1,00,000 
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Annual labour cost,                             A1 = Rs. 10000 

Annual cost for electricity,                 A2 = Rs. 5000 

Annual cost for spares and repair,      A3 = Rs. 10000 

Annual cost of total expenditure,          A = Rs. 25,000 

 

                                                               = 100000[0.177]    = Rs. 17700

 

Annual cost of scrap value, AS  =  9000 (A/F, 12%, 10) 
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                                                   = 9000 [0.05698]  = Rs. 513  

Total equivalent annual cost of the investment,  AB = A + AO +AS  

                                                                            = 25000 +  17700  + 513  

                                                                             = Rs. 43,213  

Since the equivalent annual cost of plan B is less, plan B is suggested. 

Present worth method 

Plan A 

Annual expenditure on labour,           A = Rs. 50,000 

Present worth of the annual cost,       P = Rs. 50,000 (P/A, 12%, 10) 

                                                         

                                                           = 50000 [5.6502]                                                           

                                                           = Rs.2,82,510  

Plan B 

Present worth of the investment at 0 time,     P1 = Rs.1,00,000 

Equivalent annual cost of expenditure,          A = Rs.25,000 

Present worth of annual expenditure,                         P2 = 25,000 (P/A, 12%, 10) 
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                                                                 = 25000 [5.6502]                                                           

                                                                 = Rs.1,41,255 

Scrap value at the end of 10 year, F = Rs.9,000 

Present worth of scrap value, P3 = 9,000 (P/F, 12%, 10) 

  

                                                   = 9000[0.322]               

                                                   = Rs. 2,898 

Total present worth of plan B, P = P1 + P2 +P3  

                                                    =  1,00,000 + 1,41,255 + 2,898  

                                                    = Rs.2,44,153 

 Since the present worth of plan B is less, plan B  is suggested. 
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LESSON 27. Inventory Control 

Cost analysis - inventory control -  causes of poor inventory control - types of inventories - direct and 
indirect - inventory costs - purchase costs, carrying cost, setup costs and shortage costs -  inventory 
model -   economic order quantity (EOQ) - inventory control systems - fixed-order quantity system and 
fixed-order interval system.  

1. Introduction 

An inventory consists of usable but idle resources such as men, machines, materials or money. When 
the resources involved is a material, the inventory is called ―stock‖.   Though inventory of materials is 
an idle resource (since the material lie idle and are not to be used immediately), almost every 
organisation must maintain it for efficient and smooth running of its operations. Without this no 
business activity can be performed, whether it is a service organisation like a hospital or a bank or it is a 
manufacturing or trading organisation. If an enterprise has no inventory of materials at all, on 
receiving a sales order it will have to place order for purchase of raw materials, wait of their receipt and 
then start production. This makes the customer to wait  for the delivery of the goods and may turn to 
other suppliers. resulting in loss of business for the enterprise. Most organisations have 20 to 25% of 
their total funds devoted to inventory. It may even increase to 70% in cause of pharmaceutical, 
chemical and paints industries. 

2. Importance of Maintaining Inventory  

Maintaining an inventory is necessary because of the following reasons:  

1. It helps in smooth and efficient running of an enterprise by ensuring the availability of the 
required raw materials and spares. 

2. It facilitates to provide  service to the customer at a short notice. Timely deliveries / services 
will  fetch more goodwill and orders, besides reputation. 

3. In the absence of inventory, the enterprise may have to pay high prices during the purchases 
made on emergency. 

4. Maintaining  inventory or bulk purchasing may earn price discount. 

5. It reduces production cost since there is an added advantage of batching and long, 
uninterrupted production runs. 

6. It acts as a buffer stock when raw materials are received late and shop rejections are too many. 

7. Process and movement inventories (also called pipeline stocks) are quite necessary in big 
enterprises where significant amounts of times are required to tranship items from one location 
to another. 

8. Bulk purchases will entail less order and, therefore, less administrative  costs. This applies to 
goods produced within the organisation as well. Less order, as a result of larger lots, will entail 
lesser machine setups and other associated costs. 
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9. An organisation may have to deal with several customers and vendors who are not necessarily 
near it. Inventories, therefore, have to be built to meet the demand at least during the transit 
time. 

10. It helps in maintaining economy by absorbing some of the fluctuations when the demand for an 
item fluctuates or is seasonal. 

However, too often inventories are wrongly used as a substitute for management. Also maintenance of 
inventory costs additional money to be spent on personnel, equipment, insurance, etc. thus excess 
inventories are not desirable. This necessitates controlling the inventories in the most useful way. 

3. Causes of Poor Inventory Control 

1. Overbuying without regard to the forecast or proper estimate of demand to take advantage of 
favourable market. 

2. Over production or production of goods much before the customer requires them. 

3. Overstocking due to bulk production to reduce production costs will also result in large 
inventories. 

4. Cancellation of orders and minimum quantity stipulations by the suppliers may also give rise to 
large inventories. 

4. Types of Inventories 

Inventories are generally classified into the following types: 

 4.1. Direct inventories 

They include items that are directly used for production and are classified as: 

1.  Production Inventory: items such as raw materials, components and subassemblies 
used to produce the final product. 

2. Work-in-Process Inventory: Items in semi-finished form or products at different stages 
of production. 

3. Finished Goods Inventory: This includes the final products ready for dispatch to 
consumers or distributors. 

4. Maintenance, repair and operating (MRO) Inventory: Maintenance, repair and operating 
items such as spare parts and consumable stores that do not go into the final product but 
are consumed during the production process. 

5. Miscellaneous Inventory: All other items such as scrap, obsolete and unsalable products, 
stationery and other items used in office, factory and sales department, etc. 
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4.2. Indirect inventories 

Indirect inventories are those directly or indirectly used in the production. They may be in transit, 
stored for future use, etc. They may be classified as: 

1. Transit or Pipeline Inventories: Also called movement inventories, they consist of items 
that are currently under transportation e.g., coal being transported from coalfields to a 
thermal plant. 

2. Buffer Inventories: They are required as protection against the uncertainties of supply 
and demand. A company may well know the average demand of an item that it needs; 
average value. Similarly, the average delivery period (lead time) may be known but due 
to some unforeseen reasons, the actual delivery period could be much more. Such 
situations require extra stock in excess of the average demand during the lead time is 
called buffer stock (or safety stock or custom stock). 

3. Decoupling Inventories: They are required to decouple or disengage the different parts 
of the production system. For an item that requires processing on a series of different 
machines with different processing times, it is a must to have decoupling inventories of 
the item in between the various machines for smooth and continuous production. The 
decoupling inventories act as shock absorbers in case of varying work-rates, machines 
breakdowns or failures, etc. 

4. Seasonal Inventories: Some items have seasonal demands e.g., demand of woolen 
textiles in winter, coolers and air conditioners in summer, raincoats in rainy season, etc. 
inventories for such items have to be maintained to meet their high seasonal demand. 

5.  Lot Size Inventories: Items are usually purchased in lots to 

 avail price discounts 

 reduce transportation and purchase costs 

 minimize handling and receiving costs. 

Lot size or cycle inventories are, therefore, held by purchasing items in lots rather than their exact 
quantities required. For example, a textile industry may buy cotton in bulk during cotton season rather 
than buying it everyday. 

6. Anticipation Inventories: They are held to meet the anticipated demand. Purchasing of crackers well 
before Diwali, fans before the approaching summer, piling up of raw material in the face of imminent 
transporters strike are examples of anticipation inventories. 

5.  Inventory Costs 

The four costs considered in inventory control models are: 

1. Purchase costs 

2. Inventory carrying or stock holding costs 
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3. Procurement costs (for bought-outs) or setup costs (for made-ins) and 

4. Shortage costs (due to disservice to the customers). 

5.1. Purchase costs 

It is the price that is paid for purchasing / producing an item. It may be constant per unit or may vary 
with the quantity purchased / produced. If the cost per unit is constant, it does not affect the inventory 
control decision. However, the purchase cost is definitely considered when it varies as in quantity 
discount situations. 

5.2. Inventory carrying costs (or stock holding costs or holding costs or storage costs) 

They arise on account of maintaining the stocks and the interest paid on the capital tied up with the 
stocks. They vary directly with the size of the inventory as well as the time for which the item is held in 
stock. Various components of the stockholding cost are: 

1. Cost of money or capital tied up in inventories: This is, by far, the most important component. 
Money borrowed from the banks may cost interest of about 12%. But usually the problem is viewed in 
a slightly different way i.e., how much the organisation would have earned, had the capital been 
invested in an alternative project such as developing new product, etc. it is generally taken somewhere 
around 15% to 20% of the value of the inventories. 
2. Cost of storage space: This consists of rent for space. Besides space expenses, this will also include 
heating, lighting and other atmospheric control expenses. Typical values may vary from 1 to 3%. 
3. Depreciation and deterioration costs: They are especially important for fashion items or items 
undergoing chemical changes during storage. Fragile items such as crockery are liable to damage, 
breakage, etc. 0.2% to 1% of the stock value may be lost due to damage and deterioration. 
4. Pilferage cost: It depends upon the nature of the item. Valuables such as gun metal bushes and 
expensive tools may be more tempting, while there is hardly any possibility of heavy casting for 
forging being stolen. While the former must be kept under lock and key, the latter may be simply 
dumped in the stockyard. Pilferage cost may be taken as 1% of the stock value. 
5. Obsolescence cost:  It depends upon the nature of the item in stock. Electronic and computer 
components are likely to be fast outdated. Changes in design also lead to obsolescence. It may be 
possible to quantify the percentage loss due to obsolescence and it may be taken as 5% of the stock 
value. 
6. Handling costs: These include all costs associated with movement of stock, such as cost of labour, 
overhead cranes and other machinery used for this purpose. 
7. Record – keeping and administrative cost: There is no use of keeping stocks unless one can easily 
know whether or not the required item is in stock. This signifies the need of keeping funds for record-
keeping and necessary administration. 
8. Taxes and Insurance. Most organisations have insurance cover against possible loss from theft, fire, 
etc. and this may cost 1% to 2% of the invested capital. 

Inventory carrying cost C1 is expressed either as per cent of the value or  per unit time (e.g., 20% of the 
value of the stock per year) or in terms of monetary value/unit/unit time (e.g., Rs. 5/unit/year). 

Example: If the average stock during a year is of value Rs. 20,000, the inventory carrying costs, being, 
say, equal to 20%, amount to Rs. 20,000 x (20/100) = Rs. 4,000. 
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5.3.  Procurement costs or set-up costs or ordering cost 

These include the fixed cost associated with placing of an order or setting up a machinery before 
starting production. They include costs of purchase, requisition, follow up, receiving the goods, quality 
control, cost of mailing, telephone calls and other follow up actions, salaries of persons for accounting 
and auditing, etc. also called ordering costs or replenishment costs, they are assumed to be 
independent of the quantity ordered or produced but directly proportional to the number or orders 
placed. At times, however, these costs may not bear any simple relationship to the number of orders. 
More than one stock item may be ordered on one set of the documents; the clerical staff is not divisible 
and without the existing staff increasing or decreasing, there may be considerable scope for changing 
the number of orders. In such a case, the acquisition cost relationship may be quadratic or stepped 
instead of a straight line. They are expressed in terms of Rs. per  order or Rs. per set-up. 

5.4.  Shortage costs or stock-out costs 

These costs are associated with either a delay in meeting demands or the inability to meet it at all. 
Therefore, shortage costs are usually interpreted in two ways. In case the unfilled demand can be filled 
at a later stage (backlog case), these costs are proportional to quantity that is short as well as the delay 
time and are expressed as Rs. per unit back ordered per unit time (e.g. Rs.7/unit/year). They represent 
loss of goodwill and cost of idle equipment. In case the unfilled demand is lost (no backlog case), these 
costs become proportional to only the quantity that is short. This results in cancelled orders, lost sales, 
profit and even the business itself. 

It follows from the above discussion that if the purchase cost is constant and independent of the 
quantity purchased, it is not considered in formulating the inventory control policy. The total variable 
inventory cost in this case is given by 

Total variable inventory cost = Carrying cost + Ordering cost + Shortage cost. 

However, if the unit cost depends upon the quantity purchased i.e., price discounts are available, the 
purchase cost is definitely considered in formulating the inventory control policy. The total variable 
inventory cost in this case is then given by 

 Total variable inventory cost = Purchase cost + Carrying cost + Ordering cost + Shortage cost. 

6.  Inventory Model for Economic Order Quantity (EOQ)  

           The total cost of the inventory is the sum of carrying cost, ordering cost and purchase cost. 

Let, 

T          total cost of the inventory 

D         demand in units per annum 

CR          ordering cost per order 

Cc           carrying cost per unit for the given period or a percentage of the unit cost 

P          purchase cost per unit 
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Q         order lot size, units 

Q/2      the average inventory over a given period, when the inventory varies from 0 to Q 

 Total cost, T =                                                  (1) 

Differentiating with respect to the order quantity Q, yields the slope of the total cost curve, and 
equating to O to minimize ‗T‘. 

                                                                     

Eq.(3) is known as the Economic Order Quantity (EOQ) or Economic Lot Size (ELS) equation. Fig. 
describes the relationship between the relevant ordering and carrying costs. Note also that the total cost 
curve is relatively flat in the area of the EOQ, so small changes in the amount ordered do not have a 
significant effect on total costs. 

Once the economic order quantity Q is determined, the minimum inventory cost can be computed by 
substituting this Q value into the total cost equation. 

 The number of orders per year,  

 If the manufacturer or supplier offers any discount for a minimum purchase order, the total cost will 
be calculated and the unit cost will be compared in both cases. 

 Total cost as per EOQ,  

and calculated unit cost,  
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In some cases the manufacturer / supplier will extend a  discount on the unit cost when  a prescribed 
minimum quantity is purchased or ordered. If Q1 is the minimum of units to be ordered and P1 is the 
unit cost with discount, total cost as per minimum order,  

 

Calculated unit cost,  

The purchase is effected based on the lower unit cost. 

 The assumptions of this model are: 

 Demand is known and constant 

 Lead time is known and replenishment is instantaneous at the expiration of the lead 
time. 

 Ordering and carrying costs include all the relevant costs and are constant. 

 Purchase cost do not vary with quantity ordered. 

 

 Fig.1.Relationship between the costs and the lot size. 

7. Inventory Control Systems 

 Several other types of control systems have been in use for some time to achieve the various purposes 
of inventory.   ABC method of determining which inventory items deserve most attention, and then at 
three traditional inventory control systems: (1) fixed-order quantity or fixed quantity – Q system, (2) 
fixed-order interval (fixed period) – P system, and (3) base stock (as and when exhausted to be 
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ordered). These systems, by themselves, are essentially only. ―Order launching‖ techniques for they 
basically only get an order issued but offer little in the way of follow-up control. They also tend to look 
back at historical average usage rather than ahead to a forecast of material requirements.  

 7.1. ABC analysis 

 The time and recordkeeping activities required to control inventories cost organization money. Some 
items do not warrant as close and exacting control as others, for a small percentage of items usually 
accounts for a large percentage of an inventory investment. This widely recognized fact has led many 
firms to classify inventories into three groups designated A, B, and C: 

1. items include the 10-20 percent of items that typically account for 70-80 percent of the 
total value of inventory. 

2. items include about 30-40 percent of items that account for about 15-20 percent of the 
total value of inventory.  

3. items include about 40-50 percent of items that account for about 5-10 percent of the 
total value of inventory. 

 This classification system reveals that for most inventories the bulk of items typically account for only 
5-10 percent of value and suggests that the firm have plenty of these low-value items on hand but 
concentrate the more costly control efforts on the high-value items. Class A and B items are sufficiently 
valuable or vital to warrant a close control under some type of perpetual or periodic monitoring 
system. Class C items are sometimes managed on a two-bin system basis. 

 7.2. Fixed-order quantity system 

 The fixed-order quantity inventory control system is a perpetual system which keeps a current record 
of the amount of inventory in stock. A fixed quantity Q is ordered when the order point is reached (that 
is, when the amount on hand, without using the safety stock, will just meet the average demand during 
the lead time). This type of system, illustrated in figure, lends itself to the use of EOQ purchasing 
methods. The system requires continuous monitoring of inventory levels, which can easily be done if 
the system is computerized. Because of this, it is often used for inventories that have large, unexpected 
fluctuations in demand. 

 7.3. Fixed-order interval system 

 In the fixed-order interval system the amount of inventory in stock is reviewed at periodic intervals, 
such as weekly or monthly. A variable quantity Q is then ordered on a regular basis. The order 
quantity is adjusted to bring the inventory on hand and on order up to a specified level. Since the safety 
stock must provide protection over the entire cycle   it is typically larger than would be required under 
a fixed-order quantity system, where the safety stock must protect over the lead time only. This system 
does not, however, require continuous monitoring, and is especially useful for processes that call for a 
consistent use of material. It also lends itself to conditions where a single review period can identify 
several items which can then be ordered at one time, with a possible savings in the ordering cost. 
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 7.4. Base stock system 

The base stock system is one of many combinations of inventory systems and has elements of both the 
fixed-order interval systems. In this system, inventory levels are reviewed periodically, but orders are 
placed only when the stock is below some specified level. The system thus provides some of the control 
aspects of periodic review systems but would typically result in the placement of fewer orders, and 
orders of a more economic lot size. 

   

Example 1: A tractor manufacturer purchases the rear wheel tyres from a leading tyre manufacturer. 
The annual requirement of tyres is 3000 numbers which spreads over uniformly. The cost of each tyre is 
Rs.9,800. The ordering cost is Rs.2500 per order and the carrying cost is 2% of the cost of the year 
during the stock period. Determine the economic order quantity and the unit cost of the tyre on site. 

Given, 

            Annual demand,         D  = 3000 

            Unit cost,                    P  = Rs.9800 

            Ordering cost,             CR = Rs.2500 per order 

            Carrying cost,              CC = 2% of P 

  

Economic order quantity, Q    

                                                = 277 no. of tyres 

 Total cost for 3000 tyres,   

                                                       = Rs. 2,94,54,221/- 

  

Unit cost of tyre on site  = =  Rs.9818/- 
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Example 2: A food processing industry buys tin cans for packaging their food product. The processing 
capacity of the industry is 5 tonnes per day and produces 10,00,000 cans annually. The cans are bought 
from a leading manufacturer. The expenditure involved in placing the order is Rs.5,000/- per order and 
the carrying cost is 2% of the unit cost. The industry propose to purchase the cans based on the 
economic order quantity. However the can supplier offers a discount of 2% on the unit cost of Rs.8/-. 
Advise the food processing industry whether to avail the discount, if the carrying cost and ordering 
cost remains same. 

Given: 

            Annual demand for cans,        D  = 10,00,000 

            Unit cost of cans,                    P   = Rs.8/- 

            Ordering cost,                         CR = Rs.5000/- per order 

            Carrying cost,                          Cc  = 2% of the cost of the can 

            Discount offered                           = 2% 

 Case I (without discount) 

 Economic Order Quantity,    

                                                    = 79096; say 80,000 

 Total cost of cans,  

                                    = Rs.7,08,900/- 

  

Unit cost on site,  = Rs.8.86/- 

Case II (without discount) 

            Discounted price,  = Rs.7.98 

            Minimum order quantity, Q1 = 1,00,000 numbers 
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            Total cost of cans,  

                                                = Rs.8,55,980/- 

  

            Unit cost on site,  = Rs.8.56 

Based on the unit cost of the cans, with and without discount, the industry may be advised to avail the 
discount which saves Rs.0.36 per can. 
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MODULE 10. Transporatation problems 

LESSON 28. TRANSPORTATION PROBLEMS 

Introduction  - assumptions in the transportation model - definition of the transportation model - 
matrix terminology - degeneracy in transportation problem - degeneracy in the initial solution and 
degeneracy during some subsequent iteration - transportation algorithm - variants in transportation 
problems - unbalanced transportation problem, maximization problem, different production costs,  no 
allocation in particular cell / cells, overtime production. 

 1. Introduction 

Industries  require to transport their products available at several sources or production centres to a 
number of destinations or markets. In the process of distributing to various destinations, high 
transportation costs are involved. Minimizing the transportation cost will benefit the organisation by 
increasing the profit. To analyze and minimize the cost of transportation, transportation model is used.  
The name ―transportation model‖ is, however, misleading. This model can be used for a wide variety 
of situations such as scheduling, personnel assignment, product mix problems and many others, so that 
the model is really not confined to transportation or distribution only. 

The origin of transportation models dates back to 1941 when F.L. Hitchcock presented a study entitled 
‗The Distribution of a Product from Several Sources to Numerous Localities‘. The presentation is 
regarded as the first important contribution to the solution of transportation problems. In 1947, T.C. 
Koopmans presented a study called ‗Optimum Utilization of the Transportation System‘. These two 
contributions are mainly responsible for the development of transportation models which involve a 
number of production centres / sources and a number of destinations / markets. Each shipping source 
has a certain capacity and each destination has a certain requirement associated with a certain cost of 
transportation from the sources to the destinations. The objective is to minimize the cost of 
transportation while meeting the requirements at the destinations. Transportation problems may also 
involve movement of a product from plants to warehouses, warehouses to wholesalers, wholesalers to 
retailers, retailers to customers, etc. 

 2. Assumptions in the Transportation Model 

1. Total quantity of the items available at different sources/ supply is equal to the total 
requirement/ demand at different destinations / markets. 

2. Items can be transported conveniently from all sources to destinations. 

3. The unit transportation cost of the item from all sources to destinations is known. 

4. The transportation cost on a given route is directly proportional to the number of units shipped 
on that route. 

5. The objective is to minimize the total transportation cost for the organization as a whole and not 
for individual supply and distribution centres. 
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3. Definition of the Transportation Model 

Suppose that there are m sources and n destinations. Let ai be the number of supply units available at 
source i(i = 1,2,3,….., m) and let bj be the number of demand units required at destination j(j = 1,2,3,….., 
n). Let cij represent the unit transportation cost for transporting the units from source i to destination j. 
The objective is to determine the number of units to be transported from source i to destination j so that 
the total transportation cost is minimum. In addition, the supply limits at the sources and the demand 
requirements at the destinations must be satisfied exactly. 

If xij (xij ≥ 0) is the number of units shipped from source i to destination j, then the equivalent linear 
programming model will be 

 Find xij (i =1,2,3, ……… , m ;  j = 1,2,3,……… , n) in order to 

minimize      

                     m   n                  

             z =   Σ    Σ   cij xij , 

                    i =1    j = 1     

subject to 

          n                    

              Σ   xij  = ai ,   i = 1,2,3, …….. , m , 

 j = 1     

 and 

               m                 

              Σ  x ij  = bj ,   j = 1,2,3, …….. , n , 

             i= 1 

where    x ij ≥ 0 

The two sets of constraints will be consistent i.e., the system will be in balance if 

                     m               n                      

                    Σ  ai  =     Σ  bj   . 

       i =1            j = 1     

Equality sign of the constraints causes one of the constraints to be redundant (and hence it can be 
deleted) so that the problem will have (m + n - 1) constraints and (m x n ) unknowns. 
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 Note that a transportation problem will have a feasible solution only if the above restriction is 
satisfied. Thus, 

                     m               n                      

                    Σ  ai  =    Σ  bj   is necessary as well as a sufficient condition for a 

       i =1          j = 1     

transportation problem to have a feasible solution. Problems that satisfy this condition are called 
balanced transportation problems. Techniques have been developed for solving balanced or standard 
transportation problems only. It follows that any non – standard problem in which the supplies and 
demands do not balance, must be converted to a standard transportation problem before it can be 
solved. This conversion can be achieved by the use of a dummy source/destination. 

The above information can be put in the form of a general matrix shown below: 

 

In table , cij  , i = 1,2, ….., m ;  j = 1,2, …… , n , is the unit shipping cost from the ith oringin to jth 
destination, xij is the quantity shipped from the ith origin to jth destination, ai  is the supply available at 
origin i and bj is the demand at destination j. 

 Definitions: 

 A few terms used in connection with transportation models are defined below. 
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1.  Feasible solution: A feasible solution to a transportation problem is a set of non-
negative allocations, xij that satisfies the rim (row and column) restrictions. 

2.  Basic feasible solution: A feasible solution to a transportation problem is said to be a 
basic feasible solution if it contains no more than m + n – 1 non – negative allocations, 
where m is the number of rows and n is the number of columns of the transportation 
problem. 

3. Optimal solution: A feasible solution (not necessarily basic) that minimizes (maximizes) 
the transportation cost (profit) is called an optimal solution. 

4.  Non -degenerate basic feasible solution: A basic feasible solution to a (m x n) 
transportation problem is said to be non – degenerate if, 

1.  the total number of non-negative allocations is exactly m + n – 1 (i.e., 
number of independent constraint equations), and 

2. these m + n – 1 allocations are in independent positions. 
5. Degenerate basic feasible solution: A basic feasible solution in which the total number 

of non-negative allocations is less than m + n – 1 is called degenerate basic feasible 
solution. 

4. Matrix Terminology 

 The matrix used in the transportation models consists of squares called ‗cells‘, which when stacked 
form ‗columns‘ vertically and ‗rows‘ horizontally. 

 The cell located at the intersection of a row and column is designated by its row and column headings. 
Thus the cell located at the intersection of row A and column 3 is called cell (A, 3). Unit costs are placed 
in each cell. 

   

5. Degeneracy in Transportation Problem 

In case of simplex algorithm, the basic feasible solution may become degenerate at the initial stage or at 
some intermediate stage of computation. In a transportation problem with m origins and n destinations 
if a basic feasible solution has less than m + n – 1 allocations (occupied cells), the problem is said to be a 
degenerate transportation problem. 
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While in the simplex method degeneracy does not cause any serious difficulty, it can cause 
computational problem in transportation technique. In stepping – stone method it will not be possible 
to make close paths (loops) for each and every vacant cell and hence evaluations of all the vacant cells 
cannot be calculated. If modified distribution method is applied, it will not be possible to find all the 
dual variables ui and vj since the number of allocated cells and their cij values is not enough. It is thus 
necessary to identify a degenerate transportation problem and take appropriate steps to avoid 
computational difficulty. Degeneracy can occur in the initial solution or during some subsequent 
iteration. 

 5.1. Degeneracy in the initial solution 

Normally, while finding the initial solution (by any of the methods), any allocation made either 
satisfies supply or demand, but not both. If, however, both supply and demand are satisfied 
simultaneously, a row as well as column are cancelled simultaneously and the number of allocations 
become two less than m + n – 1 and so on.  This degeneracy is resolved or the above degenerate 
solution is made non-degenerate in the following manner: 

First of all the requisite number of vacant cells with least unit costs are chosen so that (incase of tie 
choose arbitrarily): 

1. these cells plus the existing number of allocations are equal to m + n – 1. 

2. these  m + n – 1 cells are in independent positions i.e., no closed path (loop) can be 
formed among them. If a loop is formed the cells / cells with next lower cost is/are 
chosen so that no loop is formed among them. This can always be done if the solution 
we start with contains allocated cells in independent positions. 

Now allocate an infinitesimally small but positive value ε (Greek letter epsilon) to each of the chosen 
cells. Subscripts are used when more than one such letter is required (e.g., ε1, ε2, etc.) these ε‘s are then 
treated like any other positive basic variable and are kept in the transportation array (matrix) until 
temporary degeneracy is removed or until the optimal solution is reached, whichever occurs first. At 
that point we set each ε = 0. Notice that ε is infinitesimally small and hence its effect can be neglected 
when it is added to or subtracted from a positive value (e.g. 10 + ε = 10, 5 – ε = 5, ε + ε = 2 ε , ε  - ε  = 0). 
Consequently, they do not appreciably alter the physical nature of the original set of allocations but do 
help in carrying our further computations such as optimality test. 

 5.2. Degeneracy during some subsequent iteration 

Sometimes even if the starting feasible solution is non-degenerate, degeneracy may develop later at 
some subsequent iteration. This happens when the selection of the entering variable (least value in the 
closed path that has been assigned a negative sign), causes two or more current basic variables 
(allocated cell values) to become zero. In thils case we allocate ε to recently vacated cell with least cost 
that there are exactly m + n – 1 allocated cells in independent positions and the procedure can then be 
continued in the usual manner. 

6. Transportation Algorithm 

 Transportation algorithm for a minimization problem as discussed earlier can be summarized in the 
following steps: 
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1. Construct the transportation matrix. For this enter the supply ai from the origins, demand bj at 
the destinations and the unit costs cij in the various cells. 

2. Find initial basic feasible solution by Vogel‘s approximation method or any of the other given 
methods. 

3. Perform optimally test using modified distribution method. For this, find dual variables ui and 
vj such that ui + vj = cij for occupied cells. Starting with say,        vi = 0, all other variables can be 
evaluated. 

4. Compute the cell evaluations = cij – (ui + vj) for vacant cells. If all cell evaluations are positive or 
zero, the current basic feasible solution is optimal. In case any cell evaluation in negative, the 
current solution is not optimal. 

5. Select the vacant cell with the most negative evaluation. This is called identified cell. 

6. Make as much allocation in the identified cell as possible so that it becomes basic i.e., Reallocate 
the maximum possible number of units to these cells, keeping in mind the rim conditions. This 
will make allocation in one basic cell zero and in other basic cells the allocations will remain 
non-negative ( ≥ 0). The basic cell whose allocation becomes zero will leave the basis. 

7. Return to step 3, repeat the process till optimal solution is obtained. 

7. Variants in Transportation Problems 

 The following variations in the transportation problem will now be considered:  

1. Unbalanced transportation problem. 

2. Maximization problem. 

3. Different production costs. 

4. No allocation in a particular cell/cells. 

5. Overtime production. 

 7.1. The unbalanced transportation problem 

 In the problems discussed so far, the total availability from all the origins was equal to the total 
demand at all the destinations i.e., 

                     m               n                      

                    Σ  ai  =     Σ  bj   . Such problems are called balanced transportation problems. 

       i =1         j = 1     

In many real life situations, however, the total availability may not be equal to the total demand. i.e., 

                     m               n                      
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                    Σ  ai  ≠     Σ  bj   ; such problems are called unbalanced transportation problems. 

       i =1           j = 1     

In these problems either some available resources will remain unused or some requirements will 
remain unfilled. 

Since a feasible solution exists only for a balanced problem, it is necessary that the total availability be 
made equal to the total demand. If total capacity or availability is more than the demand and if there 
are no costs associated with the failure to use the excess capacity, we add a dummy (fictitious) 
destination to take up the excess capacity and the costs of shipping to this destination are set equal to 
zero. The zero cost cells are treated the same way as real cost cells and the problem is solved as a 
balanced problem. If there is, however, a cost associated with unused capacity (e.g., maintenance cost) 
and it is linear, it too can be easily treated. 

In case the total demand is more than the availability, we add a dummy origin (source) to ―fill‖ the 
balance requirement and the shipping costs are again set to equal to zero. However, in real life, the cost 
of unfilled demand is seldom zero since it may involve lost sales, lesser profits, possibility of losing the 
customer or even business or the use of a more costly substitute. Solution of the problem under such 
situations may be more involved. 

 7.2. The maximization problem 

 The transportation problem may involve maximization of profit rather than minimization of cost. Such 
a problem may be solved in one of the following ways:  

1. As maximization of a function is equivalent to minimization of negative of that function, 
the given problem may be converted into a minimization problem by multiplying the 
profit matrix by – 1. Minimization of this negative profit matrix by the usual method 
will be equivalent to the maximization of the given problem.  

2. It may be converted into a minimization problem, by subtracting all the profits from the 
highest profit in the matrix. The problem can then be solved by the usual methods.  

3. It may be solved as a maximization problem itself. However, while finding the initial 
basic feasible solution, allocations are to be made in highest profit cells, rather than in 
lowest cost cells. Also solution will be optimal when all cell evaluations are non-positive 
(≤ 0).  

7.3. Different production costs 

In some industries a particular product may be manufactured and transported from different 
production locations. The production cost could be different in different units due to various reasons, 
like higher labour cost, higher cost of transportation of raw materials, higher overhead charges, etc. 
Under this situation the production cost is added to the transportation cost while finding the optimal 
solution.  While solving the transportation problems, if the variable production costs and the fixed 
costs are given for various production plants, no consideration is given for the fixed cost.  
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7.4. No allocation in particular cell/cells 

In the transportation of goods from sources to the destinations, some routes may be banned, blocked, 
affected by flood, etc. To avoid allocations in a particular cell/ cells, a heavy penalty cost is assigned to 
the cells/ cell and the problem is solved in the usual manner.  

7.5. Overtime production 

In the production units, overtime production is taken up to increase the production. This will add the 
cost of production due to the higher wages paid to the employees involved in overtime. Such wages 
paid also included in the transportation cost.  
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LESSON 29. TRANSPORTATION PROBLEMS 

Least time transportation problems - post optimality analysis in transportation, changes in 
transportation costs, transhipment problem, dual of the transportation problem, interpretation of the 
dual  - minimization of  transportation cost using distribution linear programming - initial solutions - 
north west corner method, minimum matrix method (minimum cost),  Vogel‘s approximation method -
optimal solutions - stepping- stone method and modified distribution method (MODI method). 

1. Least Time Transportation Problems 

There are some transportation problems where the objective is to minimize time rather than 
transportation cost. Such problems are usually encountered in hospital management, military services, 
fire services, etc. where the speed of delivery or time of supply is more important than the 
transportation cost. 

Now, while solving problems where the objective is to minimize time for each route, the cost per unit is 
replaced by the time required to ship the quantity xij from origin i to destination j, where i=1,2,3, ….. 
,m and j= 1,2,3, ….. ,n. The corresponding transportation matrix is given below. 

  

                                       

                    m               n                      

 and             Σ  ai  =    Σ  bj 

                  i =1                 j = 1     
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Note that the time of shipment is independent of the number of units shipped. Also since shipments 
from origins to destinations can be done at the same time on different routes, the shipment time of the 
total plan is not the sum total of the times of the individual routes. In fact, the shipment of a feasible 
plan will be complete. Such problems, therefore, require a different solution procedure. 

Let,  Tk be the largest time associated with kth feasible plan. Our objective is, therefore, to find out a 
plan for which Tk is minimum of all values of k. The procedure for getting minimum Tk consists of the 
following steps: 

Step I: Find an initial basic feasible solution. This is obtained by using the same method as for the 
normal transportation technique. 

Step II: Find Tk corresponding to the current feasible solution and cross out all the non-basic cells for 
which tij ≥Tk. 

Step III: Draw a closed path (as in the normal transportation technique) for the basic variable associated 
with Tk such that when the values at the corner elements are shifted around, this basic variable reduces 
to zero and no variable becomes negative. This procedure ends if no such closed path can be traced out, 
otherwise repeat step II. 

 1.1.Post optimality analysis in transportation 

The transportation models studied above will normally be valid for a limited period only. In actual 
practice, the resource capacities and/or destination requirements may vary with time. Likewise, there 
may be some changes in the transportation cost. Such changes may affect the optimal allocation and the 
associated transportation cost. One way to study the effect of these changes is to solve the problem a 
new. Many a times, however, it may not be necessary to do so and the new optimal solution may be 
obtained by simply incorporating the changes in the current optimal solution, seeing the effects of these 
changes and carrying out iterations if required.  

1.2. Changes in transportation costs 

An increase in the costs of empty cells will not change the current optimal solutions as the current cost 
itself is too high, that is why there have been no allocations in these cells. 

However, a reduction in costs of empty cells or an increase in costs of allocated cells is likely to change 
the transportation schedule. In this case the problem is re-considered with the current optimal solution. 
New values of ui and vj numbers are computed and evaluations of the empty cells are determined. If 
they are all non-negative, the current solution still remains optimal. If not, a new solution is obtained 
which is then tested for optimality. 

 1.3. The trans-shipment problem 

The transportation problem assumes that direct routes exist from each source to each destination. 
However, there are situations in which units may be shipped from one source to another or to other 
destinations before reaching their final destination. This is called a trans-shipment problem. For 
example, movement of material involving two different modes of transport – road and railways or 
between stations connected by broad gauge to metre gauge lines will necessarily require 
transshipment. For the purpose of transshipment the distinction between a source and destination is 
dropped so that a transportation problem with m sources n destinations gives rise to a transshipment 



System Engineering 

  www.AgriMoon.Com 

178 

problem will involve [(m+n)+(m+n)–1] or   [2m+2n–1] basic variables and if we omit the variables 
appearing in the (m+n) diagonal cells, we are left with [m+n–1]  basic variables. 

In the trans-shipment problem, as each source or destination is a potential point of supply as well as 
demand, the total supply, say of N units, is added to the actual supply of each source, as well as to the 
actual demand at each destination. Also the ‗demand‘ at each source and ‗supply‘ at each destination 
are set equal to N. 

Therefore, we may assume the supply and demand of each location to be fictitious one. These qualities 
(N) may be regarded as buffer stocks and each of these buffer stocks should at least be equal to the total 
supply/demand in the given problem. 

The given trans-shipment problem can, therefore, be regarded as the extended transportation problem 
and can hence be solved by the transportation technique. In the final solution, units transported from a 
point to itself i.e., in diagonal cells are ignored as they do not have any physical meanings as there is no 
transportation involved. 

 1.4. Dual of the transportation problem 

We know any linear programming problem has its dual. Since the transportation problem is a special 
type of linear programming problem, it also has its dual with usual interpretations and applications. To 
illustrate let us consider example along with the transportation cost table. The mathematical model 
(Primal) for this problem is rewritten below: 

Minimize, Z = 2x11 + 3x12 + 11x13 + 7x14 +  x21 + 0x22 + 2x11 + 6x23 + x24 + 5x31 + 8x32 + 15x33 + 9x34 , 

Subject to constraints 

 x11 + x12 + x13 + x14 =6, 

 x21 + x22 + x23 + x24 =1, 

 x31 + x32 + x33 + x34 =10, 

 x11 + x21 + x31=7, 

 x21 + x22 + x33 =5, 

 x13 + x23 + x33=3, 

 x14 + x24 + x34=2, 

 where, xij ≥0; i =1,2,3; j = 1,2,3,4. 

 Now the dual of this linear problem can be written as, 

 maximize 

 Z‘ = 6u1+u2 +10 u3+7v1+5v2+3v3+2v4, 

 Subject to 
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             u1+v1≤ 2, 

             u1+v2≤3, 

 u1+v3≤11, 

 u1+v4≤ 7, 

 u2+v1≤ 1, 

 u2+v2≤ 0, 

 u2+v3≤ 6, 

 u2+v4≤ 1, 

 u3+v1≤ 5, 

 u3+v2≤ 8, 

 u3+v3≤15,  

u3+v4≤9,  

where the dual variables ui and vj are unrestricted in sign, 

 i =1,2,3 ;          j=1,2,3,4. 

 1.5. Interpretation of the dual  

1. The dual variables ui and vj are the row numbers and column numbers respectively in 
table, used in solving the problem by the modified distribution method. In dual, ui may 
be interpreted as the value of the product, free on board, at the ith origin and, therefore, 
may be called location rent and vj can be interpreted as its value (delivered) at the jth  
destination and, therefore, may be termed market prize. Hence Z‘ which represents the 
sum of these two factors is to be maximized. The constraints of the dual indicate that to 
allocate in a cell, the transportation cost in that cell should not be more than the sum of 
these two factors for that cell. 

2. We know that in case of linear programming, the final (optimal) simplex table also 
represents the optimal solution of the dual without actually solving it. Likewise, the 
optimal (final) transportation table of the primal represents the optimal solution of the 
associated dual. For the problem under consideration, the optimal dual solution as given 
by table. 

 u1=1,  u2=- 4, u3=5, v1= 0, v2=2, v3=10, v4=4 . 
 value of   
 Z‘max  =  Rs. 100 [ 6 x 1 – 1 x 4 + 10 x 5 + 7 x 0 +5 x 2 + 3  x 10 + 2 x 4 ]  
            = Rs. 100 [ 6 – 4 + 50 + 0 + 10 + 30 + 8 ]  
            = Rs. 10,000 , which is same as Z‘ min . 
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2. Minimization  of Transportation Cost Using Distribution Linear Programming 

If the problem can be formulated (modeled) as one of minimizing some given cost, such as 
transportation expense, the methods of distribution linear programming are useful techniques for 
minimizing the cost function subject to supply and demand constraints. 

Distribution linear programming methods are widely used for minimizing transportation costs and are 
indeed useful in numerous other maximization or minimization situations, such as maximizing 
revenue available from various alternative locations, minimizing unit production costs, and 
minimizing materials handling costs. The demand requirements and supply availabilities (demand-
supply constraints) are typically formulated in a rectangular arrangement (matrix) with the transported 
amounts (cell loadings) being governed by the cost or profit for the particular supply- demand route. 
Several methods of obtaining initial and final solutions have been developed, some of which include 
the following. 

         I. Initial solutions 

1. North west corner method 

2. Minimum matrix method (minimum cost) 

3. Vogel‘s approximation method 

       II. Optimal solutions 

1. Stepping- stone method 

2. Modified distribution method (MODI) 

The following example will illustrate the use of an initial allocation via the North West corner method 
and a final solution via the stepping- stone method. These are not usually the most expedient methods 
to follow when the problem has any degree of complexity, but they have intuitive value and quickly 
convey the basic methodology. An optional problem in the solved problem section at the end of this 
chapter illustrates the use of the minimum cost method.  

The solution procedure necessitates that only unused transportation paths (vacant cells) be evaluated, 
and there is only one available pattern of moves to evaluate each vacant cell. This is because moves are 
restricted to occupied cells. Every time a vacant cell is filled, one previously occupied cell must become 
vacant. The initial (and continuing) number of entries is always maintained at R+C-1, that is, number of 
rows plus number of columns minus one. When a move happens to cause fewer entries (for example, 
when two cells become vacant at the same time but only one is filled), a ―zero‖ entry must be retained 
in one of the cells to avoid what is termed a ―degeneracy‖ situation. The zero entry should be assigned 
to an independent cell, that is, to one that cannot be reached by a closed path involving only filled cells. 
The cell with the zero entry is then considered to be an occupied and potentially usable cell. 

A second potentially troublesome situation may arise when supply and demand are unequal. In this 
situation a ―dummy‖ supply plant or absorption location can be created either to produce the 
additional needed supply or to absorb the excess supply. 
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If demand > supply: create a dummy supply and assign zero transportation cost to it so excess demand 
is satisfied. 

If supply> demand: create a dummy demand and assign zero transportation cost to it so excess supply 
is absorbed.  

 This corresponds to a fundamental linear programming rule which holds that the number of 
variables in solution must equal the number of constraints that are binding. 

Problem No.1: 

Obtain an initial basic feasible solution to the following distribution of products to various destinations 
from the sources.  

Sources, b Destinations, a Supply, Sbj 

a1 a2 a3 a4 

b1 11 13 17 14 250 

b2 16 18 14 10 300 

b3 21 24 13 10 400 

Demand, Sai 200 225 275 250   

  

Solution : Since, Sai=Sbj=950, there exists a feasible solution to the transportation problem.  The initial 
feasible solution can be obtained as given below. 

North West Corner Rule (NWC) 

Step 1: Starting with the cell at the upper left (north-west) corner of the transportation matrix, allocate 
as much as possible so that either the capacity of the first row is exhausted or the destination 
requirement of the first column is satisfied. i.e x11=min(a1,b1). 

Step 2: If b1> a1, the move down vertically to the second row and make the second allocation of 
magnitude x12 = min (a2,b1- x11) in the cell (2,1). 

If b1<a1, then move right horizontally to the second column and make the second allocation of 
magnitude x12 = min (a1 - x11,b2) in the cell (1,2). 

If, b1=a1, there is a tie for the second allocation of magnitude x12 = min (a1 - a1 ,b1) = 0 in the cell (1,2),  or 
x21=min(a2,b1- b1 ) = 0 in the cell (2,1). 
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Step 3: Repeat steps 1 and 2 moving down towards the lower right corner of the transportation table 
until all the rim requirements are satisfied. 

The transportation table of the given problem has 12 cells.  Following north-west corner rule, the first 
allocation is made to the cell (1, 1), the magnitude being x11 = min. (250, 200) = 200.  The second 
allocation is made to the cell (1, 2) and the magnitude of the allocation is given by, 

x12 = min. (250 – 200, 50) = 50. 

The third allocation is made in the cell (2, 2), the magnitude being x22= min. (300, 225-50)=175. In the 
cell (2, 3) is given by x23=min. (300 – 175, 275) = 125.  The fifth allocation is made in the cell (3, 3), the 
magnitude being  x34 = min. (400-150, 250)=250.  Hence an initial basic feasible solution to the given 
transportation problem is obtained and given below. 

   

  

Table – 1 

The transportation cost according to the above route is given by, 

            z = (200x11) + (50x13) + (175x18) + (125x14) + (150x13) + (20x10) 

               = Rs.12,200. 

Least cost or Matrix Minima method 

Step 1 : Determine the smallest cost in the cost matrix of the transportation table. Let it be Cij. Allocate 
xij = min (ai, bj) in the cell (i,j). 

Step 2 : If,  xj = ai, cross off the ith row of the transportation table and decrease bj by ai. Go to step3. 

            If  xij = bj, cross off the jth column of the transportation table and decrease ai by bj. Go to step3. 



System Engineering 

  www.AgriMoon.Com 

183 

If  xj = ai = bj,  cross off  either the ith row or jth column but not both. 

Step 3 : Repeat steps1 and 2 for the resulting reduced transportation table until all the rim requirements 
are satisfied. Whenever the minimum cost is not unique, make an arbitrary choice among the minima. 

Problem: Obtain an initial basic feasible solution to the following distribution of products to various 
destinations from the sources as given in Problem No.1. 

 Sources, b Destinations, a Supply, Sbj 

a1 a2 a3 a4 

b1 11 13 17 14 250 

b2 16 18 14 10 300 

b3 21 24 13 10 400 

Demand, Sai 200 225 275 250   

  

Solution : Since, Sai=Sbj=950, there exists a feasible solution to the transportation problem.  The initial 
feasible solution can be obtained as given below following Least-Cost Method. 

Following the least cost method, the first allocation is made in the cell (3,4), the magnitude being x34 = 
min. (400, 250)=250.  This satisfies the requirement at a4 and thus we cross off the fourth column from 
the table.  The second allocation is made in the cell (1, 1) of magnitude x11 = min. (250, 200) = 200 which 
satisfied the required at a1 and therefore, we cross off the first column from the table.  This yields table 
2. 

  

Table – 1 
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Table – 2 

Now there is a tie for third allocation.  We choose arbitrarily the cell (1, 2) and allocate x12= min. (50, 
225) = 50.  Cross off the first row.  Fourth allocation is made in the cell (3, 3) with magnitude x33= 
min.(150, 275)=150.  After crossing off the third row, it  results in table 3. 

   

Table – 3 

 
  

Table – 4 

Fifth allocation is made to the cell (2, 3) of magnitude x23=min. (300, 125) = 125 and the sixth allocation 
is given by x22=min (175, 175) = 175. 
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                                                                      Table - 5 

 Thus we get the initial basic feasible solution as displayed in table 5.  The transportation cost according 
to the above route is given by, 

 z = (200x11) + (50x13) + (175x18) + (125x14) + (150x13) + (250x10) = Rs.12,200. 

  

The Row Minima Method 

Step 1 : The smallest cost in the first row of the transportation table is determined. Let it be Cij. Allocate 
the maximum feasible  xij=min (a1,bj) in the cell (1,j). 

Step 2: If  x1j=a1, cross off the 1st  row of the transportation table and move down to the second row. 
If  x1j=bj, cross off the jth column of the transportation table and reconsider the first row with the 
remaining availability. 

If  x1j=a1=bj,  cross off  the 1st column and make the second allocation x1k=0 in the cell (1,k) 
with C1k being the new minimum cost in the first row. Cross of the first row and move down to the 
second row. 

Step 3: Repeat steps1 and 2 for the resulting reduced transportation table until all the rim requirements 
are satisfied. 

Problem: 

Determine an initial basic feasible solution to the following transportation problem following row 
minima method. 

Sources Destimation Supply, 
Units 

A B C 

I 50 30 220 1 
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II 90 45 170 3 

III 250 200 50 4 

Requirements 4 2 2   

Solution: 

 

 

The Column Minima Method  

Step 1: Determine the smallest cost in the first column of the transportation table. Let it be Ci1. Allocate 
the maximum feasible units to xi1=min(ai,b1) in the cell (i,1).  

Step 2: If  xi1=ai, cross off the ith row of the transportation table and reconsider the first column with the 
remaining availability.  

If,  xi1=b1, cross off the ith column and move towards right to the second column. 
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If,  xi1=ai=b1,  cross off  the ith row and make the second allocation xk1=0 in the cell (k,1) with Ck1 being 
the new minimum cost in the first column. Cross of the first column and move down to the second 
column.  

Step 3: Repeat steps1 and 2 for the resulting reduced transportation table until all the rim requirements 
are satisfied. 

Problem: 

Determine an initial basic feasible solution to the following  transportation problem using column 
minima method. 

Sources Destination Supply, 
Units 

A B C 

I 16 19 12 14 

II 22 13 19 16 

III 14 28 8 12 

Requirements 10 15 17   

  

Solution : 
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Vogels approximation method (VAM or penalty method): 

Step 1: Calculate the penalties by taking differences between the minimum and next to minimum unit 
transportation costs in each row and each column. 

Step 2: Circle the largest row difference or column difference. In the event of a tie, choose either. 

Step 3: Allocate as much as possible in the lowest cost cell of the row(or column) having a circled row 
(or column) difference. 

Step 4: In case the allocation is made fully to a row (or column) , ignore that row(or column)  for 
further consideration, by crossing it. 

Step 5: Revise the differences again and cross out the earlier figures. Go to step2. 

Step 6: Continue the procedure until all rows and columns have been crossed out, i.e distribution is 
complete. 

Problem 

Obtain an initial basic feasible solution to the following transportation. 
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Sources, b Destinations, a Supply, Sbj 

a1 a2 a3 a4 

b1 11 13 17 14 250 

b2 16 18 14 10 300 

b3 21 24 13 10 400 

Demand, Sai 200 225 275 250   

  

Solution: Since, Sai=Sbj=950, there exists a feasible solution to the transportation problem.  The initial 
feasible solution can be obtained as given below.  

Following the Vogels approximation method, the differences between the smallest and next to smallest 
costs in each row and each column are computed and displayed inside the parenthesis against the 
respective rows and columns.  The largest of these differences is (5) and is associated with the first 
column of the transportation table. 

Since the minimum cost in the first column is c11= 11, allocate x11=min. (250, 200)=200 in the cell (1,1).  
This exhausts the requirement of the first column and, therefore, cross off the first column.  The row 
and column differences are now computed for the resulting reduced transportation table 1, the largest 
of these is (5) which is associated with the second column.  Since c12 (=13) is the minimum cost, 
allocate x12 = min.  (50, 225) = 50. 

  

Table – 1 
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Table – 2 

 Thus exhausts the availability of first row and, therefore, we cross off the first row.  Continuing in this 
manner, the subsequent reduced transportation tables and the differences for the surviving rows and 
columns are shown in table:  

 

Eventually, the basic feasible solution obtained is shown in the following table:  
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The transportation cost according to this route is given by  

z = (200x11) + (50x13) + (175x18) + (125x10) + (275x13) + (125x10) = Rs.12,075 
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LESSON 30. TRANSPORTATION PROBLEMS 

Solving transportation problems using - north west corner rule (NWC) , least cost or matrix minima 
method, row minima method,  column minima method, Vogels approximation method (VAM or 
penalty method), transportation algorithm (modified distribution method - MODI method), 
unbalanced transportation problem.  

1. The Stepping-Stone Method 

Consider the matrix giving the initial feasible solution for the problem under consideration. Let us start 
with any arbitrary empty cell (a cell without allocation), say        (3, 2) and allocate + 1 unit to this cell. 
As already discussed, in order to keep up the column 2 restriction, -1 must be allocated to cell (1, 2) and 
to keep up the row 1 restriction, +1 must be allocated to cell (1,1) and consequently -1 must be allocated 
to cell (3, 1); this is shown in the matrix below. 

  

Table  

The net change in transportation cost as a result of this perturbation is called the evaluation of the 
empty cell in question. 

Therefore, 

Evaluation of cell (3,2)           = Rs.100 x (8 x 1 – 5 x 1 + 2 x 1 – 5 x 1) 

                                             = Rs. (0 x 100) 

                                             = Rs.0. 

Thus the total transportation cost increases by Rs.0 for each unit allocated to cell (3,2). Likewise, the net 
evaluation (also called opportunity cost) is calculated for every empty cell. For this the following 
simple procedure may be adopted.  
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Starting from the chosen empty cell, trace a path in the matrix consisting of a series of alternate 
horizontal and vertical lines. The path begins and terminals in the chosen cell. All other corners of the 
path lie in the cells for which allocations have been made. The path may skip over any number of 
occupied or vacant cells. Mark the corner of the path in the chosen vacant cell as positive and other 
corners of the path alternatively –ve, +ve, -ve and so on. Allocate I unit to the chosen cell; subtract and 
add 1 unit from the cells at the corners of the path, maintaining the row and column requirements. The 
net change in the total cost resulting from this adjustment is called the evaluation of the chosen empty 
cell. Evaluation of the various empty cells (in hundreds of rupees) are: 

            Cell (1, 3) = c13-c33+c31-c11                  = 11-15+5       = -1, 

            Cell (1, 4) = c14-c34+c31-c11                       =  7-9+5-2       = +1, 

            Cell (2, 1) = c21-c24+c34-c31                       = 1-1+9-5        = +4, 

            Cell (2, 2) = c22-c24+c34-c31+c11-c12     = 0-1+9-5+2-3 = +2, 

            Cell (2, 3) = c23-c24+c34-c33                       = 6-1+9-15      = -1, 

            Cell (3, 2) = c32-c31+c11-c12                       = 8-5+2-3        = +2. 

 If any cell evaluation is negative, the cost can be reduced so that the solution under consideration can 
be improved i.e., it is not optimal. On the other hand, if all cell evaluations are positive or zero, the 
solution in question will be optimal. Since evaluations of cells (1, 3) and (2, 3) are –ve, initial basic 
feasible solution given in table 3.15 is not optimal.  

Now in a transportation problem involving m rows and n columns, the total number of empty cells will 
be, 

 m.n – (m+n-1) = (m-1) (n-1).  

Therefore, there are (m-1) (n-1) such cell evaluations which must be calculated and for large problems, 
the method can be quite inefficient. This method is named ‗stepping-stone‘ since only occupied cells or 
‗stepping stones‘ are used in the evaluation of vacant cells. 

2. Transportation Algorithm (Modified Distribution Method - MODI method)  

Various steps involved in solving any transportation problem may be summarized in the following 
iterative procedure: 

Step1: Find the initial basic feasible solution by using any of three methods discussed above. 

Step2: Check the number of occupied cells. If there are less than m+n-1, there exists degeneracy and it 
is possible to introduce a very small positive assignment of Î(»0) in suitable independent positions, so 
that the number of occupied cells is exactly equal to m+n+1. 

Step 3:  For each occupied cell in the current solution, solve the system of equations 

ui+vj=cij. 
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 Starting initially with some ui=0 or vj=0 and entering the successively the values of ui and vj in the 
transportation table margins.  

Step 4: Compute the net evaluation zij-cij=ui+vj-cij for all unoccupied basic cells and enter them in the 
upper right corners of the corresponding cells.  

Step 5: Examine the sign of each zij-cij. If all zij-cij £ 0 , then the current basic feasible solution is an 
optimum one. If atleast one zij-cij > 0, select the unoccupied cells, having the largest positive net 
evaluation to enter the basis.  

Step 6: Let the unoccupied cell (r,s) enter the basis. Allocate an unknown quantity, say q, to the cell 
(r,s). Identify a loop that starts and ends at the cell (r,s) and connects some of the basic cells. Add and 
subtract interchangeably, q  to and from the transition cells of the loop in such a way that the rim 
requirements remain satisfied. 

Step 7: Assign a maximum value to q in such a way that the value of one basic variable becomes zero 
and the other basic variables remain non-negative. The basic cell whose allocation has been reduced to 
Zero, leaves the basis. 

Step8: Return to step 3 and repeat the process until an optimum basic feasible solution has been 
obtained.  

3. Unbalanced Transportation Problem 

For  a feasible solution to exist in a transportation problem, it is necessary that the total supply must 
equal demand. That is,  . But a situation may arise when the total available supply is not equal to the 
total requirement. Such type of transportation problem is called unbalanced transportation problem. 

Problem: 

Find the starting solution in the following transportation problem by any one of the methods (North-
west Corner Method, Least–Cost Method, Vogel‘s Approximation Method, Row minima method or 
column minima method).  Also obtain the optimum solution by using the best starting solution: 

Source Destination Supply 

D1 D2 D3 D4 

S1 3 7 6 4 5 

S2 2 4 3 2 2 

S3 4 3 8 5 3 
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Demand 3 3 2 2   

  

Step 1: In this problem we find the basic feasible solution by using Vogel‘s approximation method.  

By Vogel‘s Approximation Method, the differences between the two successive lowest costs for each 
row and each column are computed.  These are written besides the corresponding rows or columns 
under the heading ‗row difference‘ or ‗column difference‖: 

  

The largest row difference or column difference is 3 which corresponds to third column.  Allocating as 
much as possible to the lowest cost cell in the third column give x23 = 2.  This satisfies the supply at 
S2 and the requirement at D3.  So arbitrarily we cross off the third column and consider e1 (0) as the 
small quantity to be supplied form S2.  The row and column differences are now recomputed for the 
reduced cost matrix, and  choose the largest of these, i.e., 2 which corresponds to fourth column.  
Therefore allocate x24 = e1 and second row is now eliminated.  Again, compute the row and column 
differences for the reduced 2x3 transportation table and choose the largest of these, i.e., 4 
corresponding to the second column.  Thus allocate x32  = 3 and eliminate second column while 
consider  e2 (0) being the negligible positive quantity to be supplied form S3.  Again, computing the 
column and row differences in the reduced 2x2 cost matrix, we assign x11 = 3 and thus eliminate first 
column.  This leaves now only fourth column, which can be filled by inspection and thus we assign 
x14 = 2 and x34e2. 
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Step 2:  From the initial basic feasible solution obtained in step 1, it is observed that the best starting 
solution is obtained using Vogel‘s approximation method having the least transportation cost of 32.  
Also, observe that unknown quantities e1, e2 (> 0) have been allocated in the unoccupied cells (2,4) and 
(3,4) respectively to overcome the danger of degeneracy. 

Step 3:  Now compute the numbers ui (i = 1,2,3) and vj (j = 1,2,3,4) using successively the equations ui + 
vj = cij for all the occupied cells.  For this it may be arbitrarily assigned as,  v4 = 0.  Thus we have 

                        u1 + v4 = c14  u1 + 0 = 4  u1 = 4 

                        u2 + v4 = c24  u2 + 0 = 2  u2 = 2 

                        u3 + v4 = c34  u3 + 0 = 5  u3 = 5 

Given u1,u2 and u3, values of v1,v2 and v3 can be calculated as shown below : 

                        u1 + v1 = c11  4 + v1 = 3  v1 = -1 

                        u2 + v2 = c23  2 + v3 = 3  u3 = 1 

                        u3 + v3 = c32  5 + v2 = 3  v2 = -2 

The net evaluations for each of the unoccupied cells are now determined: 

            z12 – c12 = u1 + v2 – c12 = 4 + (-2) -7 = -5        

            z13 – c13 = u1 + v3 – c13 = 4 + 1 -6 = -1            

            z21 – c21 = u2 + v1 – c21 = 2 + (-1) - 2 = -1       

            z22 – c22 = u2 + v2 – c22 = 2 + (-2) -4 = - 4       

            z31 – c31 = u3 + v1 – c31 = 5 + (-1) –4 =  0 

            z33 – c33 = u3 + v3 – c33 = 5 + 1 -8 = -2            

Since all zy - cy £ 0, the current basic feasible solution is an optimum one. 

It is possible to present a more compact form for computing the unknown ut‘s and vj‘s and then 
evaluate the net evaluations for each of the unoccupied cells in a more convenient way by working in 
the transportation table margins: 
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The optimum solution is: 

x11=3; x14 = 2; x23= 2; x24=Î1; x32=3; x34=Î2.    

            The transportation cost associated with the optimum schedule is given by:  

            Total cost = (3x3) + (2x4) + (2x3) + (2x 1) + (3x3) + (5x 2) 

                             = 32 + 2 1 + 5 2   

                             = 32, since 1 → 0 and 2 → 0. 
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MODULE 11. Assignment problems 

LESSON 31. Assignment problems - Introduction 

Assignment problems – introduction – mathematical representation - comparison with transportation 
problems  - theorems of assignment problems.  

1. Introduction 

The assignment problem is defined as  assigning each facility to one and only one job so as to optimize 
the given measures of effectiveness, when n facilities and n jobs are available and given the 
effectiveness of each facility for each job. 

Let there be  n facilities (machines) to be assigned to n jobs. Let cij is cost of assigning ith facility to jth job 
and xij  represents the assignment of ith facility to jth job. If ith facility can be assigned to jth job, xij=1, 
otherwise zero. The objective is to make assignments that minimize the total assignment cost or 
maximize the total associated gain. 

   

Thus an assignment problem can be represented by n x n matrix which continues n! possible ways of 
making assignments. One obvious way to find the optimal solution is to write all the n! possible 
arrangements, evaluate the cost of each and select the one involving the minimum cost.  
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However, this enumeration method is extremely slow and time consuming even for small values of n. 
For example, for n = 10, a common situation, the number of possible arrangements is 10! = 3,628,800. 
Evaluation of so large a number of arrangements will take a probability large time. This confirms the 
need for an efficient computational technique for solving such problems. 

 2. Mathematical Representation of Assignment Model 

 Mathematically, the assignment model can be expressed as follows:  

Let xij  denote the assignment of facility i to job j such that 

                        xij = 0, if the ith facility is not assigned to jth job, 

                        xij = l, if the ith facility is assigned to jth job. 

Then, the model is given by 

 

            subject to constraints    

 

(one job is assigned to the ith facility)          

                           

(one job is assigned to the jth facility)                                                       

  

and                  xij  = 0  or 1 (or xij = xij2). 

 If the last condition is replaced by xij ≥0, this will be a transportation model with all requirements and 
available resources equal to 1. 

3. Comparison with the transportation model 

An assignment model may be regarded as a special case of the transportation model. Here, facilities 
represent the ‗sources‘ and jobs represent the ‗destinations‘. Number of sources is equal to the number 
of destinations, supply at each source is unity (ai = 1 for all i) and demand at each destination is also 
unity (bj = 1, for all j). The cost of ‗transporting‘ (assigning) facility i to job j is cij and the number of 
units allocated to a cell can be either one or zero. i.e., they are non-negative quantities. 
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However the transportation algorithm is not very useful to solve this model, when an assignment is 
made, the row as well as column requirements are satisfied simultaneously (rim conditions being 
always unity) resulting in degeneracy. Thus the assignment problem is a completely degenerate form 
of the transportation problem. In n x n problem, there will be n assignments instead of n+n–1 or 2n–1–
n = n–1 epsilons which will make the computations quite cumbersome. However, the special structure 
of the assignment model allows a more convenient and simple method of solution. 

  

Difference between the transportation problem and the assignment problem 

  Transportation Problem Assignment Problem 

(a) Supply at any source may be any 
positive quantity ai 

Supply at any source (machine) will be 1 
i.e., ai =1. 

(b) Demand at any destination may be 
any positive quantity bj 

Demand at any destination (job) will be 
1 i.e., bj = 1. 

( c) One or more source to any number of 
destinations 

One source (machine) to only 
one destination (job). 

  

4. Theorems 

The technique used for solving assignment model makes use of the following two theorems: 

4.1. Theorem I 

It states that in an assignment problem, if we add or subtract a constant to every element of a row (or 
column) in the cost matrix, then an assignment which minimizes the total cost on one matrix also 
minimizes the total cost on the other matrix‖. 

Let, cij represent the original cost elements of the matrix. If constants ui and vj are subtracted from 
the ith row jth column respectively, the new cost elements will be 

 

If Z is the original objective function, the new objective function will be 



System Engineering 

  www.AgriMoon.Com 

201 

 

                           

  Now with reference,                             

                        

 and 

                    

         or z' is minimum when z is minimum. This proves the theorem. 

 Likewise, if in an assignment problem some cost elements are negative, we may convent them into an 
equivalent assignment problem where all the cost elements are non-negative by adding a suitably large 
constant to the elements of the relevant row. 

 4.2. Theorem II 

 It states ―If all cij ≥ 0 and we can find a set xij=x’ij,  such that 

      

 then this solution is optimal. 

 The result follows automatically since as neither of cij is negative, the value of 
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                           cannot be negative. 

Hence, its minimum value is zero which is attained when xij=xij' .  

Thus the present solution is optimal solution. 

The above two theorems indicate that if one can create a new cij' matrix with zero entries, and if these 
zero elements, or a subset thereof, constitute feasible solution, then this feasible solution is the optimal 
solution. 

 Thus the method of solution consists of adding and subtracting constant from rows and columns until 
sufficient number of cij's become zero to yield a solution with a value of zero.  

LESSON 32. Assignment problems - Solutions of the assignment problems 

Assignment problems – solution of the assignment models – example. 

1. Solution of the Assignment Models 

The cost of any action consists of opportunities that are sacrificed in taking that action. Consider the 
following table which contains the cost in rupees of processing each of jobs, A, B and C on 
machines X,Y and Z. 

                     

 If job A is assigned to machine X,  the cost of this assignment is Rs. 25. Since machine Y can also 
process job A for Rs. 15, clearly assigning job A to machine X is not the best decision. Therefore, when 
job A is arbitrarily assigned to machine X, it is done by sacrificing the opportunity to save Rs. 10 (Rs. 25 
– Rs. 15). This  sacrifice is referred to as an opportunity cost. The decision to process job A on 
machine X precludes the assignment of this job to machine Y, given the constraint that one and only 
one job can be assigned to a machine. Thus opportunity cost of assigning job A to machine X is Rs.10 
with respect to the lowest cost assignment for job A. Likewise, a decision to assign job A to 
machine Z would involve an opportunity cost of Rs. 7 (Rs. 22 – Rs. 15). Theassignment of job A to 
machine Y is the best assignment as the opportunity cost of this assignment is zer (Rs.15-Rs.15). This is 
called the  machine – opportunity costs with regard to job A. Similarly, if the lowest cost of row B is 
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subtracted from all the costs in this row,   the machine-opportunity costs for job B can be obtained. By 
following the same step, the machine opportunity cost for job C can be obtained . This is given in the 
following table. 

                              

In addition to these machine-opportunity costs, there are job-opportunity costs also. Job A, B and C, for 
instance, could be assigned to machine X. The assignment of job B to machine X involves a cost of Rs. 
31, while the assignment of job A to machine X costs only Rs. 25. Therefore, the opportunity costs of 
assigning job B to machine X is Rs. 6 (Rs. 31 – Rs. 25). Similarly, the       opportunity cost is involved in 
the assignment of job A to machine X is Rs. 10 (Rs. 35 – Rs. 25). A zero opportunity cost is involved in 
the assignment of job A to machine X, since this is the best assignment for machine X (column X). 
Hence job-opportunity costs for each column (each machine) are obtained by subtracting the lowest 
cost entry in each column from all cost entries in that column, if the lowest  entry in each column  of 
table is subtracted from all the cost entries of that column, the resulting table is called total opportunity 
cost table. 

           Machines 

 

                          Total opportunity cost table 

The objective is to assign the jobs to the machines to manimize total costs. With the total opportunity 
cost table this objective will be achieved if the jobs are assigned to the machines in such a way as to 
obtain a total opportunity cost of zero. Four cells in the total opportunity cost table contains  zeros, 
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indicating a zero opportunity cost for these  cells (assignment). Hence job A could be assigned to 
machine X or Y and job B to machine Z, all assignments having zero opportunity costs. This way job C, 
however, could not be assigned to any machine with a zero opportunity cost since assignment of 
job B to machine Z precludes the assignment of job C to this machine. Clearly, to make an optimal 
assignment of the three jobs to the three machines, there must be three zero cells in the table such that a 
complete assignment to these cells can be made with a total opportunity cost of zero.  

Drawing minimum number of lines covering all zero cells in the total opportunity cost table with 
minimum number of lines equals the number of rows (or columns) in the table is  a convenient method 
for determining whether an optimal assignment is  made  If, however, the minimum number of lines is 
less than the number of rows (or columns), an optimal assignment cannot be made. In this case there is  
need to develop a new total opportunity cost table. In the present example, since it requires only two 
lines to cross (cover) all zeros, and there are three rows, an optimal assignment is not possible. Clearly, 
there is a need to modify the total opportunity cost table by including some assignment not in the rows 
and columns covered by the lines. Of course, the assignment chosen should have the least opportunity 
cost. In the present case it is the assignment of job B to machine Y with an opportunity cost of 1. In 
other words, we would like to change the opportunity cost for this assignment from 1 to zero. 

                        Machines 

 

To accomplish this (a) choose the smallest elements in the table not covered by a straight line and 
subtract this element from all other elements not having a line through them (b) add this smallest 
element to all elements lying at the intersection of any two lines. The revised total opportunity cost 
table is shown below. 

  Machines 
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Revised opportunity cost table 

 The test for optimal assignment described above is applied again to the revised opportunity cost table. 
As the minimum number of lines covering all zeros is three and there are three rows (or columns), an 
optimal assignment can be made. The optimal assignments are A to X, B to Y and C to Z. 

In larger problems there is need for more systematic procedure, as the assignments may not be readily 
apparent. 
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LESSON 33. Assignment problems - Assignment algorithm 

Assignment  algorithm (or) Hungarian method – examples and solving problems. 

Assignment Algorithm (or) Hungarian Method 

First check whether the number of rows is equal to the number of columns, If it is so, the assignment 
problem is said to be balanced.  Then proceed to step 1.  If it is not balanced, then it should be balanced 
before applying the algorithm. 

Step 1: Subtract the smallest cost element of each row from all the elements in the row of the given cost 
matrix.  See that each row contains atleast one zero. 

Step 2: Subtract the smallest cost element of each column from all the elements in the column of the 
resulting cost matrix obtained by step 1. 

Step 3: (Assigning the zeros) 

(a)    Examine the rows successively until a row with exactly one unmarked zero is found.  Make an 
assignment to this single unmarked zero by encircling it. Cross all other zeros in the column of this 
encircled zero, as these will not be considered for any future assignment.  Continue in this way until all 
the rows have been examined. 

(b)   Examine the columns successively until a column with exactly one unmarked zero is found.  Make 
an assignment to this single unmarked zero by encircling it and cross any other zero in its row.  
Continue until all the columns have been examined. 

Step 4: (Apply optimal Test) 

(a) If each row and each column contain exactly one encircled zero, then the current assignment is 
optimal. 

(b) If atleast one row/column is without an assignment (i.e., if there is atleast one row/column is 
without one encircled zero), then the current assignment is not optimal.  Go to step 5. 

Step 5: Cover all the zeros by drawing a minimum number of straight lines as follows. 

(a) Mark (√) the rows that do not have assignment. 

(b) Mark (√) the columns (not already marked) that have zeros in marked rows. 

(c) Mark (√) the rows (not already marked) that have assignments in marked columns. 

(d) Repeat (b) and (c ) until no more marking is required. 

(e) Draw lines through all unmarked rows and marked columns.  If the number of these lines is equal 
to the order of the matrix then it is an optimum solution otherwise not. 
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Step 6: Determine the smallest cost element not covered by the straight lines.  Subtract this smallest 
cost element from all the uncovered elements and add this to all those elements which are lying in the 
intersection of these straight lines and do not change the remaining elements which lie on the straight 
lines. 

Step 7: Repeat step (1) to (6), until an optimum assignment is attained. 

Problem:  

A works manager has to allocate four different jobs to four workmen.  Depending on the efficiency and 
the capacity of the individual the times taken by each differ as shown in the Table 1.  How should the 
tasks be assigned one job to a worker so as to minimize the total man-hours? 

Table   1 

 

Solution:  

The following steps are followed to the find an optimal solution. 

STEP  1 

Consider each row.  Select the minimum element in each row.  Subtract this smallest element form all 
the elements in that row.  This results in the table 2. 

Table   2 

 



System Engineering 

  www.AgriMoon.Com 

208 

 
STEP   2  

Subtract the minimum element in each column from all the elements in its column.  This will result in 
Table 3. 

Table   3 

 

STEP   3 

In this way we make sure that in the matrix each row and each column has atleast one zero element.  
Having obtained atleast one zero in each row and each column, we assign starting from first row.  In 
the first row,  we have a zero in (1,A).  Hence we assign job 1 to the worker A.  This assignment is 
indicated by a square. All other zeros in the column are crossed (X) to show that the other jobs cannot 
be assigned to worker A, who  has already been assigned.   In the above problem we do not have other 
zeros in column A. 

Proceed to the second row where there is  a zero in (2,C) .  Hence  the job 2 can be assigned  to 
worker C, indicating by a square.  Any other zero in this column is crossed (X). 

Proceed to the third row. Here we have two zeros corresponding to (3,B) and (3, D).  Since there is a tie 
for the job 3, go to the next row deferring the decision for the present.  Proceeding to the fourth row, 
there IS only one Zero in (4, D).  Hence assign job 4 to worker D.  Now the column D has a zero in the 
third row and cross (3, D).  All  the assignments made in this way are as shown in Table 4. 
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Table 4 

 

 STEP  4 

Now having assigned certain jobs to certain workers we proceed to the column 1.  Since there is an 
assignment in this column,  we proceed to the second column.  There is only one zero in the cell (3, B);  
We assign the jobs 3 to worker B.  Thus all the four jobs have been assigned to four workers.  Thus we 
obtain the solution to the problem as shown in the Table 5 

Table 5 

  

 The assignments are 
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The above procedure is summerised as a set of following rules:  

1. Subtract the minimum element in each row from all the elements in its row to make sure 
that at least there is one zero in that row. 

2. Subtract the minimum element in each column from all the elements in its column in the 
above reduced matrix, to make sure that  atleast one zero exists in each column. 

3. Having obtained atleast one zero in each row and atleast one zero in each column, 
examine rows successively until a row with exactly one unmarked zero is found and 
mark (X) this zero, indicating that assignment in made there.  Mark (X) all other  zeros in 
the same column, to show that they cannot be used to make other assignments.  Proceed 
in this way until all rows have been examined.  If there is a tie among zeros defer the 
decision. 

4. Next consider columns, for single unmarked zero, mark them (   ) and mark (X) any 
other unmarked  zero in their rows. 

5. Repeat (c) and (d) successively until one of the two occurs 

(1)    There are no zeros left unmarked. 

(2)    The remaining unmarked zeros lie atleast two in each row and column.  i.e., they occupy corners 
of a square. 

If the outcome is (1), we have a maximal assignment.  In the outcome (2) we use arbitrary assignments.  
This process may yield multiple solutions. 

Solving problem following Hungarian Method 

Problem: 

Solve the following assignment problem to 
minimize the total cost represented as elements in 
the matrix (cost in thousand rupees). 

  

  

  

  

Solution: 

STEP 1: 

Building Contractor 

1 2 3 4 

A 48 48 50 44 

B 56 60 60 68 

C 96 94 90 85 

D 42 44 54 46 

http://ecoursesonline.iasri.res.in/mod/resource/view.php?id=2934
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Choose the least element in each row of the 
matrix  and subtract the same from all the 
elements in each  row so that each row contains 
atleast one zero.  This results in Table 6 

  

  

  

  

 Table 6                           

  

STEP  2: 

Choose the least element from  each column in Table 6 and subtract the same form all the elements in 
that column to ensure that there is atleast one zero in each column.  This results in the following table 
(Table 7) 

Table 7 

 

  

STEP  3: 

Make the assignment in each row and column  as explained previously.  This results in table 8 

 

 

  Contractor 

Building 1 2 3 4 

A 4 4 6 0 

B 0 4 4 12 

C 11 9 5 0 

D 0 2 12 4 
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Table 8 

  

Here there are only three assignments, but  four assignments are required.  With this maximal 
assignment, minimum number of lines to cover all the zeros are needed to draw.  This is carried out as 
explained in steps 4 to 9.  Refer Table 9 

Table 9 

 

  

STEP  4: 

            Mark ( X ) the unassigned row (row C). 

STEP  5: 

            Against the marked column 4, look for any (X) element and mark that column (column 4). 
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STEP  6: 

            Against the marked column 4, look for any assignment and mark that row (row A.) 

STEP  7: 

            Repeat steps 6 and 7 until the chain of markings ends. 

STEP  8: 

            Draw lines through all unmarked rows (row B and Row D) and through all marked columns 
(column 4).  (Check:  There should be only three lines to cover all the zeros). 

STEP  9: 

Select the minimum from the elements that do not have a line through them.  In this example we have 1 
as the minimum element, subtract the same from all the elements that do not have a line through them 
and add this smallest element at the intersection of two lines.  Thus we have the matrix shown in Table 
10 

Table 10 

 

 STEP  10: 

            Go ahead with the assignment with the usual procedure.  This is carried out in the Table 10.  
Thus we have four assignments. 

            Building A is allotted to contractor 4 

Building B is allotted to contractor 1 

Building C is allotted to contractor 3 

Building D is allotted to contractor 2 
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Total cost is 44 + 56 + 90 + 44 = Rs.234 thousands. 

Example 2 

There are five machines and five jobs are to be assigned and the associated cost matrix is as follows. 
Find the proper assignment. 

 

Solution: 

In order to find the proper assignment, we apply the Hungarian  method as follows: 

Step 1: Row reduction 

  

Step 2: (Column reduction) 
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Step 3: (Zero Assignment) 

 

From the last table we see that all the zeros are either assigned or crossed out, but the total number of 
assignment,i.e., 4<5 (number of jobs to be assigned to machines). Therefore, we have to follow step 4 
and onwards as follows: 

Step 4: 

 

Step 5: 

Here, the smallest element among the uncovered elements is 2. 

(i)             Subtract 2 from all those elements which are not covered. 
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(ii)           Add 2 to those entries which are at the junction of two lines. 

Complete the table as under: 

 

Step 6: using step 3 again 

 

  

Thus, we have got five assignments as required by the problem. 

The assignment is as follows: 

  

Thus from the cost matrix the minimum cost = 6+1+11+12+5=Rs.35. 

Note: 

If we are given a maximization problem then convert it into minimization problem, simply, 
multiplying by -1 to each entry in the effectiveness matrix and then solve it in the usual manner. 
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MODULE 12. waiting line problems 

LESSON 34. Introduction to queuing theory 

INTRODUCTION 

Waiting lines are the most frequently encountered problems in everyday life. For example, queue at a 
cafeteria, library, bank, etc. Common to all of these cases are the arrivals of objects requiring service 
and the attendant delays when the service mechanism is busy. Waiting lines cannot be eliminated 
completely, but suitable techniques can be used to reduce the waiting time of an object in the system. A 
long waiting line may result in loss of customers to an organization. Waiting time can be reduced by 
providing additional service facilities, but it may result in an increase in the idle time of the service 
mechanism. 

QUEUEING THEORY is based on mathematical theories and deals with the problems arising due to 
flow of customers towards the service facility. 

The waiting line models help the management in balancing between the cost associated with waiting 
and the cost of providing service. Thus, queuing or waiting line models can be applied in such 
situations where decisions have to be taken to minimize the waiting time with minimum investment 
cost.A flow of customers from in infinite/finite population towards the service facility forms. a queue 
(waiting line) on account of lack of capability to serve them all at a time. The queues may be of persons 
waiting at a doctor's clinic or at railway booking-office; these may be of machines waiting to be 
repaired or of ships in the harbor waiting to be unloaded or of letters arriving at a typist's desk. In the 
absence of a perfect balance between the service facilities and the customers, waiting is required either 
of the service facilities or for the customer's' arrival. 

By the term 'customer' we mean the arriving unit that requires some service to be performed. The 
customer may be of persons, machines, vehicles, parts etc. Queues (waiting line) stand for a number of 
customers waiting to be serviced. The queue does not include the customer being serviced. The process 
or system that performs the services to the customer is termed by service channel or service facility. 

 QUEUEING SYSTEM 

The mechanism of a queuing process is very simple. Customers arrive at service counter and are 
attended by one or more of the servers. As soon as a customer is served, he departs from the system. 
Thus a queuing system can be described as composed of customers arriving for service, waiting for 
service if it is not immediate, and if having waited for service, leaving the system after being served. 

The detailed character station of a queuing system is defined by its characteristics discussed in the 
following section. 

Queuing Model 

It is a suitable model used to represent a service oriented problem, where customers arrive randomly to 
receive some service, the service time being also a random variable. 



System Engineering 

  www.AgriMoon.Com 

218 

Arrival 

The statistical pattern of the arrival can be indicated through the probability distribution of the number 
of the arrivals in an interval. 

Service Time 

The time taken by a server to complete service is known as service time. 

Server 

It is a mechanism through which service is offered. 

Queue Discipline 

It is the order in which the members of the queue are offered service. 

Poisson Process 

 is the rate of arrival.t, where It is a probabilistic phenomenon where the number of arrivals in an 
interval of length t follows a Poisson distribution with parameter  

Queue 

A group of items waiting to receive service, including those receiving the service, is known as queue. 

Waiting time in queue 

Time spent by a customer in the queue before being served. 

Waiting time in the system 

It is the total time spent by a customer in the system. It can be calculated as follows: 

Waiting time in the system = Waiting time in queue + Service time 

Queue length 

Number of persons in the system at any time. 

Average length of line 

The number of customers in the queue per unit of time. 

Average idle time 

The average time for which the system remains idle. 

FIFO 

It is the first in first out queue discipline. 

Bulk Arrivals 

If more than one customer enter the system at an arrival event, it is known as bulk arrivals. 

Components of Queuing System 

1. Input Source: The input source generates customers for the service mechanism. The most 
important characteristic of the input source is its size. It may be either finite or infinite. Please 
note that the calculations are far easier for the infinite case, therefore, this assumption is often 
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made even when the actual size is relatively large. If the population size is finite, then the 
analysis of queuing model becomes more involved. 

The statistical pattern by which calling units are generated over time must also be specified. It 
may be Poisson or Exponential probability distribution. Usually the source population is 
considered as unlimited. 

2. Queue: It is characterized by the maximum permissible number of units that it can contain. 
Queues may be infinite or finite. 

3. Service Discipline: It refers to the order in which members of the queue are selected for service. 
Frequently, the discipline is first come, first served. 

 Following are some other disciplines: 

LIFO (Last In First Out) 

SIRO (Service In Random Order) 

Priority System 

 Service Mechanism: A specification of the service mechanism includes a description of time to 
complete a service and the number of customers who are satisfied at each service event. The service 
mechanism also prescribes the number and configuration of servers. If there is more than one service 
facility, the calling unit may receive service from a sequence of these. At a given facility, the unit enters 
one of the parallel service channels and is completely serviced by that server. Most elementary models 
assume one service facility with either one or a finite number of servers.The following figure shows the 
physical layout of service facilities. 

 Customer's Behaviour 

1. Balking. A customer may not like to join the queue due to long waiting line. 

2. Reneging. A customer may leave the queue after waiting for sometime due to impatience. 

3. Collusion. Several customers may cooperate and only one of them may stand in the queue. 

4. Jockeying. When there are a number of queues, a customer may move from one queue to 
another in hope of receiving the service quickly. 

 Server's Behaviour 

 Failure. The service may be interrupted due to failure of a server (machinery). 

 Changing service rates. A server may speed up or slow down, depending on the number of 
customers in the queue. For example, when the queue is long, a server may speed up in 
response to the pressure. On the contrary, it may slow down if the queue is very small. 

 Batch processing. A server may service several customers simultaneously, a phenomenon 
known as batch processing. 
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 Assumptions: 

 The source population has infinite size. 

 The inter-arrival time has an exponential probability distribution with a mean arrival rate of  l 
customer arrivals per unit time. 

 There is no unusual customer behavior. 

 The service discipline is FIFO. 

 The service time has an exponential probability distribution with a mean service rate of m 
service completions per unit time. 

 The mean arrival rate is less than the mean service rate, i.e., l < m. 

 There is no unusual server behavior. 
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Lesson 35. CHARACTERISTICS OF QUEUEING SYSTEMS 

A queuing system is specified completely by the following five basic characteristics: 

The Input Process. It expresses the mode of arrival of customers at the service facility governed by 
some probability law. The number of customers emanate from finite or infinite sources. Also, the 
customers may arrive at the service facility in batches of fixed size or of variable size or one by one. In 
the case when more than one arrival is allowed to enter the system simultaneously, (entering the 
system does not necessarily mean entering into service), the input is said to occur in bulk or batches. 

 It is also necessary to know the reaction of a customer upon entering the system. A customer may 
decide to wait no matter how long the queue becomes, or if the queue is too long to suit him, may 
decide not to enter it. If a customer decides not to enter the queue because of its huge length, he is said 
to have balked. On the other hand, a customer may enter the queue, but after some time loses patience 
and decides to leave. In this case he is said to have reneged. In the case when there are two or more 
parallel queues, the customer may move from one queue to another for his personal economic gains, 
that is jockey for position. 

 The final factor to be considered regarding the input process is the manner in which the arrival pattern 
changes with time. The input process which does not change with time is called a stationary input 
process. If it is time dependent then the process is termed as transient. 

 The Queue Disline. cipIt is a rule according to which customers are selected for service when a queue 
has been formed. The most common discipline is the "first come, first served" (FCFS), or "first in, first 
out" (FIFO) rule under which the customers are serviced in the strict order of their arrivals. Other 
queue disciplines include: "last in, first out" (LIFO) rule according to which the last arrival in the 
system is serviced first, "selection for service in random order" (SIRO) rule according to which the 
arrivals as serviced randomly irrespective of their arrivals in the system; and a variety of priority 
schemes-according to which a customer's service is done in preference over some other customer's 
service. 

 Under priority discipline, the service is of two types. In the first, which is called pre-emptive, the 
customers of high priority are given service over the low priority customer. In the second type, called 
the non-pre-emptive, a customer of low priority is serviced before a customer of high priority is 
entertained for service. 

 In the case of parallel channels "fastest server rule" (FSR) is adopted. For its discussion we suppose that 
the customers arrive before parallel service channels. If only one service channel is free, then incoming 
customer is assigned to free service channel. But it will be more efficient to assume that an incoming 
customer is to be assigned a server of largest service rate among the free ones. 

The Service Mechanism. This means the arrangement of server-s facility to serve the customers. If 
there are infinite numbers of servers then all the customers are served instantaneously on arrival and 
there will be no queue. 

  If the number of servers is finite, then the customers are served according to a specific order. Further, 
the customers may be served in batches of fixed size or of variable size rather than individually by the 
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same server, such as a computer with parallel processing or people boarding a bus. The service system 
in this case is termed as bulk service system. 

 Sometimes, the service rate may also depend on the number of customers, waiting for service. For 
example, when the queue becomes longer, a server may work faster or, conversely, may become less 
efficient. The situation in which service depends upon the number of waiting customers is referred to 
as state dependent-system. 

 The Capacity of the System.  Some of the queueing processes admit the physical limitation to the 
amount of waiting room, so that when the waiting line reaches a certain length, no further customers 
are allowed to enter until space becomes available by a service completion. Such types of situation are 
referred to as finite source queues, that is, there is a finite limit to the maximum queue size. The queue 
can also be viewed as one with forced balking 

Where a customer is forced to balk if he arrives at a time when queue size is at its limit.       . 

 Service Channels: When there are several service channels available to provide service, much depends 
upon their arrangements. They may be arranged in parallel or in series or a more complex combination 
of both, depending on the design of the system's service mechanism. 

 By parallel channels we mean a number of channels providing identical service facilities so that several 
customers may be serviced simultaneously. Further, customers may wait in a single queue until one of 
the service channels is ready to serve, as in a barber shop where many chairs are considered as different 
service channels; or customers may form separate queues in front of each service channel as in the case 
of super markets. 

 For series channels, a customer must pass successively through all the ordered channels before service 
is completed. The situations may be seen in public offices where parts of the service are done at 
different service counters. 

A queueing system is called a one-server model when the system has one server only, and a multiple-
server model when the system has a number of parallel channels each with one server. 

SYMBOLS AND NOTATIONS 

 The following symbols and notations will be used in connection with the queuing systems: 

 n = number of customers in the system, both waiting and in service. 

λ = average number of customers arriving per unit of time. 

 µ = average number of customer being served per unit of time. 

λ / µ = Ρ = traffic intensity. 

C = number of parallel service channels (servers). 

E(n) = average number of customers in the system. Both waiting and in service. 

 E(m) = average number of customers waiting in the queue. 
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E(v) = average waiting time of a customer in the system, both waiting and in service. 

E(w) = average waiting time of a customer in the queue. 

Pn(t) = Probability that there are n customers in the system at any time t, both waiting and in service. 

Pn = time independent Probability that there are n customers in the system at any time, both waiting 
and in service. 
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Lesson 36 CLASSIFICATION OF QUEUING MODELS AND THEIR SOLUTIONS 

Different models in queuing theory are classified by using special (or standard) notations described 
initially by D.G.Kendall in 1953 in the form (a/b/c). Later A.M.Lee in 1966 added the symbols d and c 
to the Kendall notation. Now in the literature of queuing theory the standard format used to describe 
the main characteristics of parallel queues is as follows: 

                   {(a/b/c) : (d/c)} 

Where 

a = arrivals distribution 

b = service time (or departures) distribution 

c = number of service channels (servers) 

d = max. number of customers allowed in the system (in queue plus in service) 

e = queue (or service) discipline. 

  

Certain descriptive notations are used for the arrival and service time distribution (i.e. to replace 
notation a and b) as following: 

M = exponential (or markovian) inter-arrival times or service-time distribution (or    equivalently 
poisson or markovian arrivel or departure distribution) 

D = constant or deterministic inter-arrival-time or service-time. 

G = service time (departures) distribution of general type, i.e. no assumption is made about the type of 
distribution. 

GI = Inter-arrival time (arrivals) having a general probability distribution such as as normal, uniform or 
any empirical distribution. 

Ek = Erlang-k distribution of inter-arrival or service time distribution with parameter k (i.e. if k= 1, 
Erlang is equivalent to exponential and if k = , Erlang is equivalent to deterministic). 

  

For example, a queuing system in which the number of arrivals is described by a Poisson probability 
distribution, the service time is described by an exponential distribution, and there is a single server, 
would be designed by M/M/I. 
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The Kendall notation now will be used to define the class to which a queuing model belongs. The 
usefulness of a model for a particular situation is limited by its assumptions. 

 Model 1 :{( M/M1): (/FCFS)} single server, unlimited queue model 

 The derivation of this model is based on certain assumptions about the queuing system: 

1. Exponential distribution of inter-arrival times or poisson distribution of arrival rate. 
2. Single waiting line with no restriction on length of queue (i.e. infinite capacity) and no banking 

or reneging.  
3. Queue discipline is ‗first-come, first-serve 
4. Single serve with exponential distribution of service time 

Performance characteristics 

                   

       Pw   = probability of server being busy (i.e. customer has to wait) =  1-Ρo= λ / µ 

1.Expected (or average) number of customer in the system (customers in the line plus the customer 
being served) 

  

 2.Expected (or average) queue length or expected number of customers waiting in the queue 

 

3.Expected (or average) waiting time of a customer in the queue 
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4.Expected (or average) waiting time of a customer in the system (waiting and service) 

 

5.Expected (or average) waiting time in the queue for busy system 

 

6.Probability of k or more customers in the system 

 

7.The variance (fluctuation) of queue length 

 Var (n) =  

8.Expected non-empty queue length 

 

9.Probability that waiting time is more than 

 

 --------------------------------------------------------------- 

SOLVED EXAMPLES 
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Example1   A television repairman finds that the time spent on his jobs has an exponential distribution 
with mean of 30 minutes. If he repairs sets in the order in which they came in, and if the arrival of sets 
follows a Poisson distribution approximately with an average rate of 10 per 8-hour day, what is the 
repairman‘s expected idle time each day? How many jobs are ahead of the average set just brought in? 

  

Solution     From the data of the problem, we have 

                   λ = 10/8 = 5/4 sets per hour;  and  µ= (1/30) 60 = 2 sets per hour 

(a)  Expected idle time of repairman each day = Number of hours for which the repairman remains 
busy in an 8-hour day (traffic intensity) is given by 

(8) (λ /µ ) = (8) (5/8) = 5 hours 

Hence, the idle time for a repairman in an 8-hour day will be: (8 – 5) = 3 hours. 

  

(b) Expected (or average) number of TV sets in the system 

  (approx.) TV sets 

Example2   On an average 96 patients per 24-hour day require the service of an emergency clinic. Also 
on an average, a patient requires 10 minutes of active attention. Assume that the facility can handle 
only one emergency at a time. Suppose that it costs the clinic Rs 100 per patient treated to obtain an 
average servicing time of 10 minutes, and that each minutes of decrease in this average time would cost 
Rs. 10 per patient treated. How much would have to be budgeted by the clinic to decrease the average 
size of the queue from one and one-third patients to half patient. 

  

Solution     From the data of the problem, we have 

                   

                     and    patients per minute;  

1.Average number of patients in the queue 
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2.Fraction of the time for which there no patients,  

3.When the average queue size is decreased from 4/3 patient, the new service rate is determined as: 

  patients per minute. 

Average rate of treatment required is: = 7.5 minutes, i.e.  a decrease in the average rate of 
treatment is 2.5(= 10 – 7.5) minutes. 

  

Budget per patient = Rs (100 + 2.5 x 10) = Rs 125 per patient. 

  

Example 3  Customers arrive at a one-window drive according to a Poisson distribution with mean of 
10 minutes and service time per customer is exponential with mean of 6 minutes. The space in front of 
the window can accommodate only three vehicles including the serviced one. Other vehicles have to 
wait outside this space. Calculate: 

 (a)  Probability that an arriving customer can drive directly to the space in front of the window. 

(b) Probability that an arriving customer will have to wait outside the directed space. 

(c)  How long an arriving customer is expected to wait before getting the service? 

  

Solution     From the data of the Problem, we have λ=6 customers per hour; µ= 10 customers per hour 

  

(a)  Probability that an arriving customer can drive directly to the space in front of the window: 

  

(b) Probability that an arriving customer will have to wait outside the directed space: 
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 (c)  Expected waiting time of a customer before getting the service is: 

 hr. or 9 minutes. 
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Lesson 37 Solved Examples 

Example1   A television repairman finds that the time spent on his jobs has an exponential distribution 
with mean of 30 minutes. If he repairs sets in the order in which they came in, and if the arrival of sets 
follows a Poisson distribution approximately with an average rate of 10 per 8-hour day, what is the 
repairman‘s expected idle time each day? How many jobs are ahead of the average set just brought in? 

Solution 

From the data of the problem, we have 

                  λ  = 10/8 = 5/4 sets per hour;  and μ = (1/30) 60 = 2 sets per hour 

(a)  Expected idle time of repairman each day = Number of hours for which the repairman remains 
busy in an 8-hour day (traffic intensity) is given by 

(8) (λ/μ) = (8) (5/8) = 5 hours 

Hence, the idle time for a repairman in an 8-hour day will be: (8 – 5) = 3 hours. 

(b) Expected (or average) number of TV sets in the system 

  

Example2   On an average 96 patients per 24-hour day require the service of an emergency clinic. Also 
on an average, a patient requires 10 minutes of active attention. Assume that the facility can handle 
only one emergency at a time. Suppose that it costs the clinic Rs 100 per patient treated to obtain an 
average servicing time of 10 minutes, and that each minutes of decrease in this average time would cost 
Rs. 10 per patient treated. How much would have to be budgeted by the clinic to decrease the average 
size of the queue from one and one-third patients to half patient. 

  

Solution     From the data of the problem, we have 

                   

                    and    patients per minute;  
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(i)Average number of patients in the queue 

  

(ii)Fraction of the time for which there no patients, 

 

(iii)When the average queue size is decreased from 4/3 patient, the new service rate μ is determined as: 

  patients per minute. 

Average rate of treatment required is: minutes, i.e.  a decrease in the average rate of 
treatment is 2.5(= 10 – 7.5) minutes. 

  

Budget per patient = Rs (100 + 2.5 x 10) = Rs 125 per patient. 

  

Example 3  Customers arrive at a one-window drive according to a Poisson distribution with mean of 
10 minutes and service time per customer is exponential with mean of 6 minutes. The space in front of 
the window can accommodate only three vehicles including the serviced one. Other vehicles have to 
wait outside this space. Calculate: 

 (a)  Probability that an arriving customer can drive directly to the space in front of the window. 

(b) Probability that an arriving customer will have to wait outside the directed space. 

(c)  How long an arriving customer is expected to wait before getting the service? 

  

Solution     From the data of the Problem, we have =6 customers per hour; = 10 customers per hour 

 (a)  Probability that an arriving customer can drive directly to the space in front of the window: 
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 (b) Probability that an arriving customer will have to wait outside the directed space: 

  

(c)  Expected waiting time of a customer before getting the service is: 

  

Example 4:  Students arrive at the head office according to a Poisson input process with a mean rate of 
40 per hour. The time required to serve a student has an exponential distribution with a mean of 50 per 
hour. Assume that the students are served by a single individual, find the average waiting time of a 
student. 

Solution. 

Given,    λ = 40/hour,     μ = 50/hour 

Average waiting time of a student before receiving service  

 

            = 4.8 minutes                                                                                        
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Example 5: New Delhi Railway Station has a single ticket counter. During the rush hours, customers 
arrive at the rate of 10 per hour. The average number of customers that can be served is 12 per hour. 
Find out the following: 

 Probability that the ticket counter is free. 
 Average number of customers in the queue. 

Solution. 

Given 
   λ  = 10/hour,       μ= 12/hour 

Probability that the counter is free  = 1 - 
10 

----- 
12 

= 1/6 

Average number of customers in the queue (Lq ) = 
(10)2 

-------- 
12 (12 - 10) 

= 25/6 

  

  

Example 6: Universal Bank is considering opening a drive in window for customer service. 
Management estimates that customers will arrive at the rate of 15 per hour. The teller whom it is 
considering to staff the window can service customers at the rate of one every three minutes. 

Assuming Poisson arrivals and exponential service find 

1. Average number in the waiting line. 
2. Average number in the system. 
3. Average waiting time in line. 
4. Average waiting time in the system. 

Solution. 

Given, λ  = 15/hour,  μ= 3/60 hour  or  20/hour 

  

Average number in the waiting line = 
(15)2 

---------- 
20(20 - 15) 

= 2.25 customers 
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Average number in the system = 
15 

---------- 
20 - 15 

= 3 customers 

    

Average waiting time in line = 
15 

------------ 
20(20 - 15) 

= 0.15 hours 

    

Average waiting time in the system = 
1 

--------- 
20 - 15 

= 0.20 hours 
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MODULE 13. Network Scheduling by PERT / CPM 

LESSON 38. NETWORK ANALYSIS 

Network analysis is one of the most popular techniques used for planning, scheduling, monitoring and 
coordinating large and complex projects comprising a number of activities. It involves the development 
of  a network  to indicate logical sequence of work content elements of a complex situation. It involves 
three basic steps: 

1. Defining the job to be done 

2. Integrating the elements of the job in a logical time sequence 

3. Controlling the progress of  the project. 

Network analysis is concerned with minimizing some measure of performance of the system such as 
the total completion time for the project, overall cost and so on. By preparing a network of the system, a 
decision maker can identify, 

(i) The physical relationship (properties) of the system 

(ii) The inter relationships of the system components 

Network analysis is specially suited to project which are not routine or repetitive and which will be 
conducted only once or a few times. 

Objectives: 

Network analysis can be used to serve the following objectives: 

1. Minimization of total time: Network analysis is useful in completing a project in the minimum 
possible time. A good example of this objective is the maintenance of production line machinery 
in a factory. If the cost of down time is very high, it is economically desirable to minimize time 
despite high resource costs. 

2. Minimization of total cost: Where the cost of delay in the completion of the project exceeds cost 
of extra effort, it is desirable to complete the project in time so as to minimize total cost. 

3. Minimization of time for a given cost: When fixed sum is available to cover costs, it may be 
preferable to arrange the existing resources so as to reduce the total time for the project instead 
of reducing total cost. 

4. Minimization of cost for a given total time: When no particular benefit will be gained from 
completing the project early, it may be desirable to arrange resources in such a way as to give 
the minimum cost for the project in the set time. 
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5. Minimization of idle resources: The schedule should be devised to minimize large fluctuations 
in the use of limited resources. The cost of having men/machines idle should be compared with 
the cost of hiring resources on a temporary basis. 

6. Network analysis can also be employed to minimize production delays, interruptions and 
conflicts. 

Managerial Applications : 

Network analysis can be applied to very wide range of situations involving the use of time, labour and 
physical resources. Some of the more common applications of network analysis in project scheduling 
are as follows: 

1. Construction of bridge, highway, power plant etc. 

2. Assembly line scheduling. 

3. Installation of  a complex new equipment. Eg., computers, large machinery. 

4. Research and Development 

5. Maintenance and overhauling complicated equipment in chemical or power plants, steel and 
petroleum industries, etc. 

6. Inventory planning and control. 

7. Shifting of manufacturing plant from one site to another. 

8. Development and testing of missile system. 

9. Development and launching of new products and advertising campaigns. 

10. Repair and maintenance of an oil refinery. 

11. Construction of residential complex. 

12.  Control of traffic flow in metropolitan cities. 

13.  Long range planning and developing staffing plans. 

14. Budget and audit procedures. 

15. Organization of international conferences. 

16. Launching space programmes, etc. 

A network is a graphic representation of a project‘s operations and is composed of activities and events 
(or nodes) that must be completed to reach the end objective of a project, showing the planning 
sequence of their accomplishments, their dependence and inter relationships. 

Basic Components 
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Events (node) 

A specific point in time at which an activity begins and ends is called a node. It is recognizable as a 
particular instant in time and does not consume time or resource. An event is generally represented on 
the network by a circle, rectangle, hexagon or some other geometric shape. 

Activity 

An activity is a task, or item of work to be done, that consumes time, effort, money or other resources.  
It lies between two events, called the ‗Preceding‘ and ‗Succeeding‘ ones. An activity is represented on 
the network by an arrow with its head indicating the sequence in which the events are to occur. 

    Head event                     Tail event         

 

Preceding event              Succeeding event 

Predecessor Activity: 

An activity which must be completed before one or more other activities start is known as Predecessor 
activity. 

Successor Activity: 

An activity which started immediately after one or more of other activities are completed is known as 
Successor activity. 

Dummy Activity: 

Certain activities which neither consume time nor resources but are used simply to represent a 
connection between events are known as dummies. A dummy activity is depicted by dotted line in the 
network diagram. 

A dummy activity in the network is added only to represent the given precedence relationships among 
activities of the project and is needed when (a)  two or more parallel activities in a project have same 
head and tail events, or (b) two or more activities have some (but not all) of their immediate 
predecessor activities in common.     
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LESSON 39. CONSTRUCTION 

2.1 Common Errors 

There are three types of errors which are most common in network drawing, viz., 

(a)  Formation of a loop, (b) Dangling, and (c) Redundancy. 

(a) Formation of a loop: If an activity were represented as going back in time, a closed loop would 
occur. This is show in fig which is simply the structure of Fig (b) with activity B reversed in direction. 
Cycling in a network can result through a simple error or when while developing the activity plans, 
one tries to show the repetition of an activity before beginning the next activity. 

 

A closed loop would produce an endless cycle in computer programmes without a built-in routine for 
detection or i4-entification of the cycle; Thus one property of a correctly constructed network diagram 
is that it is "non-cyclic". 

(a) Dangling: No activity should end without being joined to the end event. If it is not so, a dummy 
activity is introduced in order to maintain the continuity of the system. Such end-events other than the 
end of the project as a whole are called dangling events. 

 

In the above network, activity D leads to dangling. A dummy activity is therefore introduced to avoid 
this dangling. 
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(c) Redundancy: If a dummy activity is the only activity emanating from an event, it can be eliminated. 
For example, in the network show in Fig the dummy activity is redundant and can be eliminated, and 
the network redrawn. 

 

Rules of Network Construction 

1. Each activity is represented by one & only one arrow so that no single activity can be 
represented twice in the network. 

2. Time follows from left to right.  Arrows pointing in opposite directions must be avoided. 

3. Arrows should be kept straight and not curved or bent. 

4. Use dummies freely. 

5. Every node must have at least one activity preceding it and at least one activity following it, 
except that the beginning node has no activities before it and the ending node has no activities 
following it. 

6. Only one activity may connect any two nodes.  This rule is necessary so that an activity can be 
specified by giving the numbers of its beginning and ending nodes. 

Numbering the Events 

After the network is drawn in a logical sequence, every event is assigned a number. The number 
sequence must be such so as to reflect the flow of the network. In event numbering, the following rules 
should be observed: 

1. Events numbers should be unique 

2. Event numbering should be carried out an a sequential basis from left to right. 

3. The initial event which has all outgoing arrows with no incoming arrow is numbered 0 or 1. 

4. The head of an arrow should always bear a number higher than the one assigned at the tail of 
the arrow. 
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5. Gaps should be left in the sequence of event numbering to accommodate subsequent inclusion 
of activities, if necessary. 

Example: 

A television is manufactured in six steps, labeled A through F. Because of its size and Complexity, the 
television is produced one at a time. The production control manager thinks that network scheduling 
techniques might be useful in planning future production. He recorded the following information: 

           A is the first step and precedes B and C 

           C precedes D and E 

           B follows D and precedes E 

           F follows E 

           D is successor of F 

(i) Draw an activity-on-node diagram for the production manager. 

(ii) On checking with the records, the production manager corrects his last note to read, ―D is a 
predecessor of F‖. Draw a revised diagram of this network incorporating this new change. 

Solution: 

(a)     

A is the first step which follows B and C 

 

C precedes D and E 
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F follows E and D and is the successor of F     

 

Now since B follows D and precedes E, the complete network  diagram is shown below. 

 

Evidently, this network contains a cycle as shown below 

 

(b) Revised network when D is a  predecessor of  F is as follows: 
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LESSON 40 CRITICAL PATH METHOD 

Time Calculations in Networks 

For each activity an estimate must be made of time that will be spent in the actual accomplishment of 
that activity.  Estimates may be expressed in hours, days, weeks or any other convenient unit of time.  
The time estimate is usually written in the network immediately above the arrow.  The next step after 
making the time estimates is the calculation of earliest times and latest times for each mode.  These 
calculations are done in the following way. 

a) Let zero be the starting time for the project.  Then for each activity there is an earliest starting time 
(ES) relative to the project starting time. The earliest finishing time is denoted by    

Thus the formula is 

            EFi  (or) ESj = max {ESi + tij} 

Where  Esj denotes the earliest start time of all the activities emanating from node i and tij is the 
estimated duration of the activity i-j. 

Example: 

 

In the above example the activity is from i-j, the duration of time is 5 hours. Here start time is ESj= max 
{ESi + tij} 

Initial start time ESi=0. 

ESj= max {0+ 5} =5. 

Initially the starting time will be 0 The finishing time for the ith event is 5.Staring time for the jth event is 
5. 

b) Let us suppose that we have a target time for completing the project.  Then this time is called the 
latest finish time (LF) for the final activity.  The latest start time (LS) is the latest time at which an 
activity can start if the target is to be maintained.  It means that for the final activity, its LS is simply LF 
– activity time. 

                    LFi = min {LFj – tij}, for all defined (i, j) activities.       

Critical Path: 

Certain activities in a network diagram of a project are called critical activities because delay in their 
execution will cause further delay in the project completion time. Thus, all activities having zero total 
float value are identified as critical activities. 
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The critical path is the continuous chain of critical activities in a network diagram. It is the longest path 
starting from first to the last event and is shown by a thick line or double lines in a network. 

The length of the critical path is the sum of the individual times of all the critical activities lying on it 
and defines the minimum time required to complete the project. 

The critical path on a network diagram can be identified  as: 

(a)  ES i = LFi 

(b) ES j = LFj 

(c)  ES j – ESi  = LFj – LFi = tij. 

Critical Path Method (CPM) 

The iterative procedure of determining the critical path is as follows: 

Step 1: List all the jobs and then draw a network diagram.  Each job is indicated by an arrow with the 
direction of the arrow showing the sequence of jobs.  The length of the arrows has no significance.  
Place the jobs on the diagram one by one keeping in mind what precedes and follows each job as well 
as what job can be done simultaneously. 

Step 2: Consider the job‘s times to be deterministic.  Indicate them above the arrow representing the 
task. 

Step 3: Calculate the earliest start time (EST) and earliest  finish time (EFT) for each event and write 

them in the box marked   Calculate the latest start time (LST) and latest finish time (LFT) 

and write them in the box marked   . 

Step 4: Tabulate various times, i.e., activity normal times, earliest times and latest  times, and mark EST 
and  LFT on the arrow diagram. 

Step 5: Determine  the total float for each activity  by taking differences between EST and  LFT. 

Step 6: Identify  the critical activities and connect them with the beginning node and the ending node 
in the network  diagram by double line arrows.  This gives the critical path. 

Step 7: Calculate the total project duration. 

Slack / Float of an Activity and Event 

The float (Slack) or free time is the length of time to which a non-critical activity and the time between 
its ES & LF is longer than its actual duration or an event can be delayed or extended without delaying 
the total project completion time.(ie) the  difference between the latest finish and earliest start time. 

There are four types of floats namely 
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 a) Total float 

b) Free float 

c) Independent float 

d) Interference float 

a) Total float 

     Difference between the latest finish and earliest finish time for the activity 

          Total float = TFij = LFj - EFj 

b) Free float 

     It is defined by assuming that all the activities start as early as possible.  The free float for the activity 
(i, j) is the excess available time over its duration. 

                   LFij = ESj – ESi - tij 

c) Interference float 

     The difference between total float and free float.      

d) Independent float 

     The time by which an activity can be rescheduled without affecting the preceding or the succeeding 
activities is known as independent float. 

     Independent float = Free float – Tail event Slack                                               

Advantages of Critical Path Method(CPM) 

1. CPM was developed for conventional projects like construction project which consists of well 
know routine tasks whose resource requirement and duration were known with certainty. 

2. CPM is suited to establish a trade off for optimum balancing between schedule time and cost of 
the project. 

3. CPM is used for projects involving well know activities of repetitive in nature. 

       However the distinction between PERT and CPM is mostly historical. 

Problem 

CPM 

          The following table gives the activities of a construction project and duration.                  
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Activity    1-2 1-3 2-3 2-4 3-4 4-5 

Duration 

(days) 
20 25 10 12 6 10 

  

(i) Draw the network for the project. 

(ii) Find the critical path. 

(iii) Find the total, free and independent floats each activity. 

Solution: 

          The  first step is to draw the network and fix early start and  early finish schedule and then  late 
start-late finish schedule as in figure 1 and figure 2. 

Fig.-2 

 

 

 

 



System Engineering 

  www.AgriMoon.Com 

246 

Activity Total Slack Free Slack Independent Slack 

1-2 0 0 0 

1-3 5 5 5 

2-3 0 0 0 

2-4 4 4 4 

3-4 0 0 0 

4-5 0 0 0 

  

To find the critical path, connect activities with ) total slack and we get 1-2-3-4-5 as the critical path. 

          Check with alternate paths. 

          1-2-4-5    = 42 

          1-2-3-4-5 = 46* 

          1-3-4-5    = 41                                   
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LESSON 41. PROGRAMME EVALUATION REVIEW TECHNIQUE: (PERT) 

4.1 Introduction: 

This technique, unlike CPM, takes into account the uncertainty of project durations into account. 

Deterministic network methods assume that the expected time is the actual time taken.  Probabilistic 
methods, on the other hand, assume the reverse, more realistic situation, where activity times are 
represented by a probability distribution.  This probability distribution of activity time is based upon 
three different time estimate made for each activity.  There are as follows . 

Optimistic (least) time estimate : (t0 or a) is the duration of any activity when everything goes on very 
well during the project. i.e., laborers are available and come in time, machines are working properly, 
money is available whenever needed, there is no scarcity of raw materials needed etc. 

Pessimistic (greatest) time estimate: (tp or b) is the duration of any activity when almost every thing 
goes against our will and a lot of difficulties is faced while doing a project. 

Most likely time estimate: (tm or m) is the duration of any activity when sometimes things go on very 
well, sometimes things go on very bad while doing the project. 

4.2 PERT Procedure 

1. Draw the project net work 

2. Compute the expected duration of each activity te = \[{1 \over 6}\left[ {4{t_m} + {t_0} + {t_p}} \right]\] 

3. Compute the expected variance σ \[^2={\left( {{{{t_p} - {t_0}} \over 6}} \right)^2}\] of each 
activity. 

4. Compute the earliest start, earliest finish, latest start, latest finish time for each activity. 

5. Determine the critical path and identify critical activities. 

6. Compute the expected variance of the Project length (also called the variance of the critical path) 
σ2 which is the sum of the variances of all the critical activities. 

7. Compute the expected standard deviation of the project length  and calculate the standard 
normal derivate   \[{{\rm{Z}}_{\rm{0}}}={{{\rm{duedate}} - {\rm{expected date of completion}}} 
\over {\sqrt {{\rm{project variance}}} }}\] 

8. Using (7) one can estimate the probability of completing the project within a specified time, 
using the normal curve (Area) tables. 
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4.3 Basic difference between PERT and CPM 

PERT 

1. PERT was developed in a brand new R and D Project it had to consider and deal with the 
uncertainties associated with such projects. Thus the project duration is regarded as random 
variable and therefore probabilities are calculated so as to characterize it. 

2. Emphasis is given to important stages of completion of task rather than the activities required to 
be performed to reach a particular event or task in the analysis of network. i.e., PERT network is 
essentially an event- oriented network. 

3. PERT is usually used for projects in which time estimates are uncertain. Example : R&D 
activities which are usually non-repetitive. 

4. PERT helps in identifying critical areas in a project so that suitable necessary adjustments may 
be made to meet the scheduled completion date of the project. 

Critical Path Method(CPM) 

1. CPM was developed for conventional projects like construction project which consists of well 
know routine tasks whose resource requirement and duration were known with certainty. 

2. CPM is suited to establish a trade off for optimum balancing between schedule time and cost of 
the project. 

3. CPM is used for projects involving well know activities of repetitive in nature. 

However the distinction between PERT and CPM is mostly historical. 

Example: 

PERT 

          The following table lists the jobs of a network with their time estimates. 

          

Job I-j 

Duration (days) 

Optimistic Most Likely Pessimistic 

1  2 3 6 15 

1  6 2 5 14 

2  3 6 12 30 
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2  4 2 5 8 

3  5 5 11 17 

4  5 3 6 15 

6  7 3 9 27 

5  8 1 4 7 

7  8 4 19 28 

(a) Draw the project network. 

(b) Calculate the length and variance of the critical path. 

(c) What the is approximate probability that the jobs on the critical path will be completed by the due 
date of 42 days? 

(d) What due date has about 90% chance of being met? 

Solution: 

Before proceeding to draw the project network, let us calculate the expected time of activity te, standard 
deviation and variance of the expected time of activity using 

\[{t_e}\,\,\,\,\,\,=\,{{\left( {{t_0}\,\, + \,\,4t{}_m\, + \,{t_p}} \right)} \over 6}\] 

\[S.D\,\,=\,\left( {{t_p}\, - \,{t_0}} \right)/6;\,\,\,\,\,\,\,\,\,\,\,Variance\,\,\,\,\,=\,\,{(S.D)^2}\] 

  

Activity Total Slack Free Slack Independent Slack 

1-2 7 2 4 

1-6 6 2 4 

2-3 14 4 16 
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2-4 5 1 1 

3-5 11 2 4 

4-5 7 2 4 

6-7 11 4 16 

5-8 4 1 1 

7-8 18 4 16 

(a) Project Network: 

 

(b) There are three paths: 

                   1-2-3-5-8    =       36 days 

                   1-2-4-5-8    =       23 days 

                   1-6-7-8                 =       35 days 

1-2-3-5-8 is the longest path and hence the critical path. 

Expected length of the critical path is 36 days.  The variance for 1-2, 2-3, 3-5 and 5-8 are 4, 16,4 and 1 
respectively and variance of the projection duration is 25 and hence 
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Standard deviation of the project duration =          25   = 5 Days. 

(c) Due date   = 42 days (T) 

Expected duration  = 36 days (Te) and S.D  =  5 days (0) 

          Z  =  (T-Te)  / S.D.   =  (42-36)/5   =   1.2 

The area under the normal curve for Z = 1.2 is 0.3849. 

Therefore, the probability of completing the project in 42 days 

                                                =   0.5000 + 0.3849 

                                                =   0.8849 

                                                =   88.49% 
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LESSON 42. Network Problems 

SOLVED PROBLEMS 

Problem 1. Draw a network for the simple project of erection of steel works for a shed. The various 
elements of project are as under: 

 Solution: 

 

Problem 2. Construct the network diagram comprising activities B, C, .... Q and N such that the 
following constraints are satisfied: 

B < E, F;   C < G, L;    E, G < H ;    F, G < H/;    L.H < I; 

            L < M;   H, M < N;    H < J: I, J < P;    P < Q. 
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The notation X < Y means that the activity X must be finished before Y can begin. 

Solution. The resulting network is shown in Fig. 27.6. The dummy activities D1, D2 and D3 are used to 
establish the correct precedence relationships. D4 is used to identify the activities I and J with unique 
end nodes. The nodes of the project are numbered such that their ascending order indicates the 
direction of progress in the project: 

  

Problem 3. Construct the arrow diagram comprising activities A,  B, … and L such that the following 
relationships are satisfied: 

(i) A, B, and C, the first activities of the project, can start simultaneously, 
(ii)  A and B precede D, (iii) B precedes E, F and H, (iv) F and C precede G, 
(v) E and H precede I and J,    (vi) C, D, F and J precede K,       (vii) K precedes L, 

(viii) I, G and L are the terminal activities of the project. 

Solution. The resulting network is shown in Fig. 27.7 below. The dummy activities are used to identify 
the activities A and B; E and H; C and F with a unique end node: 
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Problem 4. Draw a network for the following project and number the events according to Fulkerson's 
rules: 

(1) A is the start event and K is the end event.                   (2) J is the successor event to F. 
(3) C and D are successor events to B.                               (4) D is the preceding event to G. 
(5) E and F occur after event C.                                          (6)  E precedes J 

(7) C restrains the occurrence of G and G precedes H.       (8) H precedes J. 

(9) F restrains the occurrence of H.                                     (10) K  succeeds event J. 

Solution. The resulting network is shown in the figure given below. The dummy activity is used to 
identify the activities E and F with unique end node: 

 

  The nodes of the network are numbered to indicate the direction of progress in the network 

Problem 5. In a boiler overhauling project following activities are to be performed: 

A. Inspection of boiler by boiler engineer and preparation of list of parts to be replaced/repaired. 
B. Collecting quotations for the parts to be purchased. 
C, Placing the orders and purchasing. 
D. Dismantling of the detective parts from the boiler. 
E. Preparation of necessary instructions for repairs. 

F. Repair of parts in the workshop. 
G. Cleaning of the various mountings and fittings. 

H. Installation of the repaired parts 
I. Installation of the purchased parts.         

J. Inspection. 
K. Trial run. 
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       Assuming that the work is assigned to the boiler engineer who has one boiler mechanic and one 
boiler attendant at his disposal, draw a network showing the precedence relationships. 

Solution. Looking at the list of activities, we note that activity A (inspection of boiler) is to be followed 
by dismantling of defective parts (D) and only after that it can be decided which parts can be repaired 
and which will have to be replaced. Now the repairing and purchasing can go side by side. But the 
instructions for repairs may be prepared after sending the letters for quotations. Note that it becomes a 
partial constraint, also started after activity D. Now we assume that repairing will take less time than 
purchasing. But the installation of repaired parts can be started only when the cleaning is completed. 
This results in the use of a dummy activity. After the installation of repaired parts, installation of 
purchased parts can be taken up. This will be followed by inspection and trial run. 

The network showing the precedence relationships is given below: 

  

The dummy activities are used to identify the activities C, H and E, G with unique end nodes. 

  

Problem 6. A television is manufactured in six steps, labelled A through F. The television is produced 
one at a time. The manager thinks that network scheduling will improve the position. It is noted that A 
is the first step and A < B. A < C, C < D, C < E, B > D, B < E, F > E, D is a successor of F. 

(a) Draw an activity node diagram and identify the cycle. 

(b) If D precedes F, show that the cycle gets eliminated. 

(c) If the activities take occupy time as indicated: 

A — 1 hours, B — 3 hours, C — 2 hours, D — 1 hour, E — 3 hours and F — 2 hours, determine the 
minimum time required to complete the television set. 

  

Solution, (a) Using given constraints, the activity node diagram (network) is shown in Fig. 27.70. The 
dummy activities are introduced to establish the correct precedence relationships: 
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The nodes are numbered in such a way that their ascending order indicates the direction of progress in 
the manufacturing process. Among the various activities involved, obviously we have the following 
cycle: B→ E→ F→D→B. 

(b) If D precedes F, the revised network is as shown below 

 

 c) To determine the minimum time of completion of the project, we compute ESi and LFj for each 
activity of the project (TV set). The critical path calculations as applied to Fig. 27.11 are: 

 ES1, = 0                ES2 = ES1 + t12 = 0 + 1 = 1        ES3 = ES2 + t23= 1+2=3 

 ES6 = ES3 + t26 = 3 + 1 = 4   ES4 =  Max {ESi + ti4} = Max. {1 + 0, 4 + 0} = 4 

                                                               i =  2, 6 

 ES5 =  Max.Esi + ti5} = Max. {3 + 0, 4 + 3} = 7  ES7 = ES5 + t57 = 7 + 3 = 10 

                 i = 3,4 

ES8 =   Max.{ESi + ti8} = Max. {4 + 0, 10 + 0} = 10  ES9 = ES8 + t89 =10 + 2 = 12. 

                   i = 6, 7 

 The values of LFj are similarly computed as follows: 
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LF9 = ES9 = 12                                         LF8 = LF9 – t89 = 12 - 2 = 10 
LF7 = LF8- t78 = 10 - 0 = 10                    LF5 = LF7 – t57 = 10 - 3 = 7 
LF4 = LF5 - t45 = 7 - 3 = 4                      LF6 = Min. {10 - 0, 4 - 0} = 4 
LF3 = Min. {4 - 1, 7 - 0} = 3                  LF2 = Min. {3 - 2, 4 - 0} = 1 
LF1 = LF2 – t12 = 1 - 1 = 0. 

For determining the critical nodes, calculations are displayed in the following table: 

 Activity 
  Normal time 
   (hours) 

      Earlies time 
        
  Latest 

   time 

 Total 
float 

      Start 
    
Finish 

       Start 
    
Finish 

(1. 2) 
  

1 
  

0 
  

1 
  

0 
  

1 
  

0 
  

(2, 4) 
  

0 
  

1 
  

1 
  

4 
  

4 
  

3 
  

(2,3) 
  

2 
  

I 
  

3 
  

I 
  

3 
  

0 
  

(3,6) 
  

1 
  

3 
  

4 
  

3 
  

4 
  

0 
  

(6, 4) 
  

0 
  

4 
  

4 
  

4 
  

4 
  

0 
  

(4, 5) 
  

3 
  

4 
  

7 
  

4 
  

7 
  

0 
  

(3, 5) 
  

0 
  

3 
  

3 
  

7 
  

7 
  

4 
  

(5,7) 
  

3 
  

7 
  

10 
  

7 
  

10 
  

0 
  

(7, 8) 
  

0 
  

10 
  

10 
  

10 
  

10 
  

0 
  

(6, 8) 
  

0 
  

4 
  

4 
  

10 
  

10 
  

6 
  

(8, 9) 
  

2 
  

10 
  

12 
  

10 
  

12 
  

0 
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      It is apparent from the table that the critical nodes are for the activities (1, 2), (2, 3), (3, 6), (6, 4), (4, 
5), {5, 7), (7, 8) and (8, 9). 

    The critical path, therefore, comprises the activities A, C, D, B, E and F, which is shown below 

 

  

The Critical path is 1-2-3-6-4-5-7-8-9                                                  

The minimum time required to complete the television set is  1+2+1+3+3+2 = 12 hours. 
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MODULE 14. Resource Analysis in Network Scheduling 

LESSON 43. Project cost and Resource Leveling 

INTRODUCTION 

In this chapter, we shall consider the question of resource requirements for different activities, the 
availability of resources, their allocation to activities and some other problems. A feature common to all 
these problems is that the limitations on resources needed for carrying out various activities of a project 
can affect the scheduling of a project either because of their limited availability or by some other 
restrictions. We assume that the resources required for each activity of a project and the resource 
restrictions are known. 

PROJECT COST 

In order to include the cost aspects in project scheduling, we must first define the cost-duration 
relationships for various activities in the project. The total project cost comprises direct and indirect 
costs. The direct costs are associated with the individual activities such as manpower loading, 
equipment utilized, materials consumed directly, etc., in respect of various activities. The indirect costs 
are those expenditures which cannot be allocated to individual activities of the project. These may 
include administration or supervision costs. loss of revenue, fixed overheads, depreciation, insurance, 
and so on. While indirect cost allocated to a project goes up with the increase in project duration, direct 
costs go high as the time for individual activity is reduced. Such deliberate reduction of activity times 
by putting an extra effort is called crashing the activity. 

It may be noted that for technical reasons, the duration of an activity cannot be reduced indefinitely. 
The crash time represents the fully expedited or the minimum activity duration time that is possible, 
and any attempts to further 'crash' would only raise the activity direct costs without reducing the time. 
The activity cost corresponding to the crash time is called the crash cost which equals the minimum 
direct cost required to achieve the crash performance time. These are in contrast to the normal time and 
the normal cost of the activity. The normal cost is equal to the absolute minimum of the direct costs 
required to perform an activity. The corresponding activity duration is known as the normal time. 

The direct cost-time relationship and indirect cost-time relationships are 

 



System Engineering 

  www.AgriMoon.Com 

260 

The point A in denotes the normal time for completion of an activity whereas point B denotes the crash 
time which indicates the least duration in which the particular activity can be completed. The cost 
curve is non-linear and asymptotic but for the sake of simplicity it can be approximated by a straight 
line with its slope given by 

  

The cost slope represents the rate of increase in the cost of performing the activity per unit decrease in 
time and is called cost/time trade off. It varies from activity to activity. Having assessed the direct and 
indirect project cost the total costs can be found out. The total project cost is the sum total of the project 
direct and indirect costs. 

Shows both the direct and the indirect project cost. As these two curves have been plotted against the 
same time scale, at each ordinate, the project direct and indirect costs can be added to obtain the 
various points on the graph, indicating the total project cost corresponding to the various project 
durations. If these total time-cost points are joined to form a curve, the curve so obtained will be total 
project cost curve. If this curve is examined carefully, it may be seen that for different project durations, 
there will be corresponding project costs. However, compared to all other points on this curve, there 
will be one point which is at the lowest, indicating the least cost and the minimum time for the project. 
It may again be observed that any point on the right hand side of this lowest point, the cost of the 
project increases and project duration also increases. On the other hand, if the point~ on the left hand 
side of the lowest point of this curve is considered, it may be seen that though there is reduction in 
project duration time, the cost of the project, however, increases. So much so, any point either on the 
right hand side or left hand side of the lowest point of this total projects. cost curve, it is not 
advantageous to the project manager to choose any of the points for the implementation of the project 
Obviously, it is the lowest point which indicates the lowest overall cost against the minimum time 
required for the completion of the project. This point may therefore be called as the optimum time-cost 
point of the curve which the project manager can choose for the implementation of the project 

RESOURCE LEVELLING 

In PERT and CPM techniques there is an implied assumption that required resources are always 
available. When resources are limited, two alternative courses of action are available. In the first 
alternative, the activities are critically sequenced and the minimum period of project is redetermined. 
This process is called Resource Levelling. The problem here is to manipulate the activity slacks, 
schedules and resource requirements throughout the duration of the project. 

In resource levelling two types of problems are involved: 

1. Levelling resource demands with constraint on the total project duration time. 

2. Minimization of the project duration time with a constraint on the total availability of certain key 
resources. 

The first problem arises when resources are adequate but they are desired to be used at a relatively 
constant rate during the life of the project. The second problem occurs when the resources cannot be 
increased and the object is to minimize project duration with available resources. 
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Thus, resource levelling or load levelling is required when the demands on specified resources are 
required not to exclude the specified level and the duration of the project is not invariant. 

Remark. In order to stabilize the use of existing level of resources the total float of non-critical activities 
is used. By shifting a non-critical activity between its earliest start time and latest allowable time, 
project manager may be able to lower the maximum resource requirements. The following two general 
rules are normally used in scheduling non-critical activities. 

1. If the total float of a non-critical activity is equal to its free float, then it can he schedule any where 
between its earliest start and latest completion times. 

2. If the total float is a non-critical activity is more than its free float, then its starting time can be 
delayed relative to its earliest start time by no more than the amount of its free float without affecting 
the scheduling of its immediately succeeding activities. 
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LESSON 44. TIME-COST OPTIM.IZATION 

ALGORITHM 

The process of shortening a project is called crashing and is usually achieved by adding extra resources 
to an activity. Project crashing involves following steps: 

Step 1: Critical path. Find the normal critical path and identify the critical activities. 

Step 2: Cost slope. Calculate the cost slope for the different activities by using the formula: 

 

Step 3: Ranking. Rank the activities in the ascending order of cost slope. 

Step 4: Crashing. Crash the activities in the critical path as per the ranking, i.e., activity having lower 
cost slope would be crashed first to the maximum extent possible. Calculate the new direct cost by 
cumulative adding the cost of crashing to the normal cost. 

Step 5: Parallel crashing. As the critical path duration is reduced by the crashing in Step 3, other paths 
also become critical, i.e., we get parallel critical paths. This means that project duration can be reduced 
duly by simultaneous crashing of activities in the parallel critical paths. 

Step 6: Optimal duration. Crashing as per step 3 and step 4, optimal project duration is determined. It 
would be the time duration corresponding to which the total cost (i.e., direct cost plus indirect cost) is a 
minimum. 

SAMPLE PROBLEMS 

The following table gives the activities in a construction project and other, relevant information: 

  

Activity 

i -- j 

Normal time 

(days) 

Crash time 

(days) 

Normal cost 

(Rs.) 

Crash cost 

(Rs.) 

1-2 20 17 600 720 

1-3 25 25 200 200 

2-3 10 8 300 440 
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2-4 12 6 400 700 

3-4 5 2 300 420 

4-5 10 5 300 600 

4-6 5 3 600 900 

5-7 10 5 500 800 

6-7 8 3 400 700 

  

(a) Draw the activity network of the project 

(b) Find the total float and free float for each activity 

(c) Using the above information crash the activity step by step until all paths are critical. 

Solution: (a) using the normal time duration the network is given below: 

(b) Considering the normal time of the project, the earliest times and latest times as well as the total 
floats and free floats in respect of the node points is obtained in the following table: 

 Activity 

(i-j) 

Normal duration 

(days) 

Earliest time Latest time Float 

Start Finish Start Finish Total Free 

1-2 20 0 20 0 20 0 0 

1-3 25 0 25 5 30 5 5 

2-3 10 20 30 20 30 0 0 

2-4 12 20 32 23 35 3 3 
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3-4 5 30 35 30 35 0 0 

4-5 10 35 45 35 45 0 0 

4-6 5 35 40 42 47 7 7 

5-7 10 45 55 45 55 0 0 

6-7 8 40 48 47 55 7 7 

  

The critical path of project is 

          1 → 2 → 3 → 4 → 5 → 7 

and duration of the project is 55 days with total cost as Rs. 3600 

(c)The cost slopes of the activities of the above network are computed as follows: 

          Activity                                                                Cost slope 

          1-2                                                              (720 – 600)/(20 – 17) = 40 

          1-3                                                              (200 – 200)/(25 – 25) =0 

          2-3                                                              (440 – 300)/(10 – 8) = 70 

          2-4                                                              (700 – 400)/(12 - 6) = 50 

          3-4                                                              (420 – 300)/(5 – 2) = 40 

          4-5                                                              (600 – 300)/(10 – 5) = 60 

          4-6                                                              (900 – 600)/(5 – 3) = 150 

          5-7                                                              (800 – 500)/(10 – 5) = 60 

          6-7                                                              (700 – 400)/(8 – 3) =60 

  

Crashing of Activities 

Since the activities lying on the critical path control the project duration, we crash the activities lying on 
the critical path. 
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First crashing. First of all we crash that activity of critical path which involves the minimum cost slope. 
Since the activities (1, 2) and (3, 4) give the minimum cost slope, we compress the duration of activity 
(3, 4) from 5 to 2 days with an additional cost Rs. 3 x 40, i.e., Rs. 120. 

Thus the revised network is 

Duration of project is now 52 days and total cost 

                   = Rs. 3,600 + Rs. 40 x 3 = Rs. 3,720. 

Second crashing. Now, Since there are two parallel critical paths, we choose the minimum cost slope of 
the activity which lies on any of the two critical paths. As the minimum cost slope is for the activity (1, 
2) we compress this activity from 20 to 17 days with an additional cost of Rs. 40 x 3 i.e. Rs. 120. 

Thus we have the following network: 

Duration of project is now 49 days and total cost 

          = Rs. 3,720 + Rs. 40 x 3 = Rs. 3,840. 

Third crashing. Minimum cost slope now is for the activities (4, 5), (5, 7), and (6, 7). Therefore crashing 
the activities (4, 5) and (5, 7) by 5 days each and activity (6, 7) by 3 days at an extra cost of Rs. 60 per 
day, we have 

Duration of project is now 39 days and total cost 

          = Rs. 3,840 + Rs. 60 x (5 + 5+ 3) = Rs. 4,620. 

Fourth crashing. Finally, crashing the activities (2, 3) and (2, 4) by two days each, we find that all the 
activities are lying on the critical path. Thus, we have 

Duration of project is now 39 days and total cost 

                   = Rs. 4,620 + Rs. 70 x 2 + Rs. 50 x 2 = Rs. 4,860. 

Since all the activities are now on critical paths, the process of crashing is completed. 
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LESSON 45. Time cost Optimization- Problems 

Examples 

The following table gives data on normal time, and cost and crash time and cost for a project. 

Activity 

Normal Crash 

Time (Weeks) Cost (Rs) Time (Weeks) Cost (Rs) 

1-2 3 300 2 400 

2-3 3 30 3 30 

2-4 7 420 5 580 

2-5 9 720 7 810 

3-5 5 250 4 300 

4-5 0 0 0 0 

5-6 6 320 4 410 

6-7 4 400 3 470 

6-8 13 780 10 900 

7-8 10 1000 9 1200 

Indirect cost is Rs 50 per week 

(a)  Draw the network and identify the critical path with double line. 

(b) What are the normal project duration and associated cost? 
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(c)  Find out the total float associated with each activity. 

(d) Crash the relevant activities systematically and determine the optimal project completion time and 
cost 

Solution: 

(a)  The network for normal activity times indicates a project completion time of 32 weeks with the 
critical path: 1 – 2 – 5 – 6 – 7 – 8, as shown in Fig. 24. 

 

Fig. 24   Network Diagram 

(b) Normal project duration is 32 weeks and the associated cost is as follows: 

Total cost = Direct normal cost + Indirect cost for 32 weeks 

                 = 4,220 + 50 x 32 = Rs 5,820 

(c)  Calculations for total float associated with each activity are shown in Table 10 
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Table 10 

Activity 
Total Float 

(Li – Ei) – tij 

1 - 2 (3 – 0) – 3 = 0 

2 – 3 (7 – 3) – 7 = 1 

2 – 4 (12 – 3) – 7 = 2 

2 – 5 (12 – 3) – 9 = 0 

3 – 5 (12 – 6) – 5 = 1 

4 – 5 (12 – 10) – 0 = 2 

5 – 6 (18 – 12) – 6 = 0 

6 – 7 (22 – 18) – 4 = 0 

6 – 8 (32 – 18) – 13 = 1 

7 – 8 (32 – 22) – 10 = 0 

  

(d) For Critical activities, crash cost-slope is given in Table 11. The minimum value of crash cost per 
week is for activity 2-5 and 5-6. Hence, Crashing activity 2-5 by 2 days from 9 weeks to 7 weeks. But the 
time should be reduced by 1 week only otherwise another path 1-2-3-5-6-7-8 becomes a paralled path. 
Network as shown Fig. 25 is developed when it is observed that new project time is 31 weeks and the 
critical paths are 1 – 2 – 5 – 6 – 7 – 8 and 1 – 2 – 3 – 5 – 6 – 7 – 8. 
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Table 11 

 

 

Fig. 25   Network Diagram 

With crashing of activity 2 – 5, the new total cost involved can be calculated as follows: 

New total cost = Total direct normal + Increased direct cost due to crashing of activity 

                       (2 – 5 ) + indirect cost for 31 weeks 

                   = (4,220 + 1 x 45) + 31 x 50 = 4,265 + 1,550 = Rs 5,815 

Now with respect to network given in Fig. 25, the new possibilities for crashing in the critical paths are 
listed in Table 12. 
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Table 12 

Critical Activity Crashed Cost per Week (Rs) 

1 – 2 100 

2 – 5      x (Crashed) 

2 – 3      0 (No crashing is needed) 

3 – 5   50 

5 – 6   45 

6 – 7   70 

7 – 8 200 

  

The minimum value of crashed cost slope is for activity 5 – 6. Hence, crashing it by 2 weeks from 6 
weeks to 4 weeks. The new network diagram will now look like as show in Fig. 26 

 

Fig. 26   Network Diagram 

It may be noted in Fig.26, that both critical paths shown in Fig.25 remain unchanged because activity 5 
– 6 is common between critical paths shown in Fig. 25. But with this crashing of activity 5 – 6 by 2 
weeks, the new cost involved is: 
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New total cost = Total direct normal + Increased direct cost due to crashing of 

                       5 – 6 + indirect cost for 29 weeks 

                   = (4,220 + 1 x 45 + 2 x 45) = 29 x 50 = Rs 5805 

With respect to network given in Fig 26, the new possibilities for crashing in the critical paths are listed 
in Table 13. 

Table 13 

Critical Activity Crashed Cost per Week (Rs) 

1 – 2 100 

2 – 3      0 (No crashing is needed 

2 – 5      x (Crashed)) 

5 – 6      x (Crashed) 

6 – 7   70 

7 – 8 200 

  

The further crashing of 6 – 7 activity time from 4 weeks to 3 weeks will result in increased direct cost 
than the gain due to reduction in project time. Hence, here we must stop further crashing. The optimal 
project duration is 29 weeks with associated cost of Rs 5,805 as shown in Table 14. 
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Table 14 Crashing Schedule of the Project 

Project 
Duration 

(Weeks) 

Crashing Activity and 
Weeks 

Direct Cost (Rs) 
Indirect cost 

(Rs) 

Total 
Cost 

(Rs) Normal Crashing Total 

32 -- 4,220 -- 4,220 
32 x 50 = 

1,600 
5,820 

31 2 – 5(1) 4,220 1 x 45 = 45 4,265 
31 x 50 = 

1,550 
5,815 

29 5 – 6(2) 4,220 
45 + 2 x 45 = 

135 
4,355 

29 x 50 = 
1,450 

5,805 

28 6 – 7(1) 4,220 
135 + 1 x 70 = 

205 
4,425 

28 x 50 = 
1,400 

5,825 
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